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Part 1
Preliminaries



This sequence of three chapters gives some background and notation from the ho-
motopy theory of simplicial sets and topos theory.

There is also a preliminary discussion of Suslin’s rigidity theorem in Algebraic
K-theory and the generalized isomorphism conjecture for the cohomology of al-
gebraic groups of Friedlander and Milnor. Together with the Lichtenbaum-Quillen
conjecture, these were the original motivating principles and problems which led to
the introduction and development of local homotopy theory in its present form.



Chapter 1
The homotopy theory of simplicial sets

1.1 Simplicial sets

The finite ordinal number n is the set of counting numbers
n=1{0,1,...,n}.

There is an obvious ordering on this set which gives it the structure of a poset, and
hence a category. In general, if C is a category then the functors ¢ : n — C can be
identified with strings of arrows

o(0) = a(l) = - — a(n)

of length n. The collection of all finite ordinal numbers and all order-preserving
functions between them (aka. poset morphisms, or functors) form the ordinal num-
ber category A.

Example 1.1. The ordinal number monomorphisms d’ : n — 1 — n are defined by the
strings of relations

0<1<--<i—-1<i+1<---<n
for 0 < i < n. These morphisms are called cofaces .
Example 1.2. The ordinal number epimorphisms s/ : n41 — n are defined by the
strings
0<1<-<j<j<<n

for 0 < j < n. These are the codegeneracies .

The cofaces and codegeneracies together satisfy the following relations
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dld =dd’ "V ifi < j,
slst = sisit it <jJ
disi=V i< j, (L.1)
sld' = {1 ifi=j,j+1,
d=ls/ ifi>j+1.

The ordinal number category A is the category which is generated by the cofaces
and codegeneracies, subject to the cosimplicial identities (1.1) [51] . Every ordinal
number morphism has a unique epi-monic factorization, and has a canonical form
defined in terms of strings of codegeneracies and strings of cofaces.

A simplicial set is a functor X : A°” — Set, ie. a contravariant set-valued functor
on the ordinal number category A. Such things are usually written n — X,,, and X,, is
called the set of n-simplices of X. A simplicial set map (or simplicial map) f : X —Y
is a natural transformation of such functors. The simplicial sets and simplicial maps
form the category of simplicial sets, which will be denoted by sSet.

A simplicial set is a simplicial object in the set category. Generally, sA denotes
the category of simplicial objects in a category A. Examples include the categories
sGr of simplicial groups, s(R —Mod) of simplicial R-modules, s(sSet) = s*Set of
bisimplicial sets, and so on.

Example 1.3. The topological standard n-simplex is the space
n
A" ={(to,....tn) eR" [O0<1; <1, Y 1, =1}
i=0

The assignment n — |A”| is a cosimplicial space, or cosimplicial object in spaces.
A covariant functor A — A is a cosimplicial object in the category A.

If X is a topological space, then the singular set or singular complex S(X) is the
simplicial set which is defined by

S(X), =hom(|A"|,X).
The assignment X — S(X) defines a covariant functor
S : CGHaus — sSet,

and this functor is called the singular functor. Here, CGHaus is the category of
compactly generated Hausdorff spaces, which is the “good” category of spaces for
homotopy theory [24, 1.2.4].

Example 1.4. The ordinal number n represents a contravariant functor
A" = homy ( ,m),
which is called the standard n-simplex . Write

1, = In € homy (n,n).
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The n-simplex 1, is often called the classifying n-simplex, because the Yoneda
Lemma implies that there is a natural bijection

homsSet(AnaY) =Y,

defined by sending the map ¢ : A" — Y to the element 6(1,,) € ¥,,. L usually say that
a simplicial set map A" — Y is an n-simplex of Y.
In general, if 6 : A" — X is a simplex of X, then the i face d;( o) is the composite

An-t &y qn %y x
while the j" degeneracy s;(o) is the composite

A+ A Oy
Example 1.5. The simplicial set dA" is the subobject of A" which is generated by
the (n— 1)-simp1ic§:s d',0<i<n,and A] is the subobject of d A" which is generated
by the simplices d', i # k. The object dA” is called the boundary of A", and A]' is

called the k™ horn.
The faces d’ : A"~ — A" determine a covering

AT 594",

-

0

and for each i < j there are pullback diagrams

j—1
An—2 L) An—l

dil l""

An—l J—— An
dJ

It follows that there is a coequalizer
Uicjo<ijen A" 2 =% lp<ic, A" —— 9A"
in sSet. Similarly, there is a coequalizer
Uicjijuk A" —= Uo<icnipe A" ——= AL
Example 1.6. Suppose that a category C is small in the sense that the morphisms
Mor(C) is a set. Examples of such things include all finite ordinal numbers n, all

monoids (small categories having one object), and all groups.
If C is a small category there is a simplicial set BC with



6 1 The homotopy theory of simplicial sets
BC, =hom(n,C),

meaning the functors n — C. The simplicial structure on BC is defined by precompo-
sition with ordinal number maps. The object BC is called, variously, the classifying
space or nerve of C.

Note that Bn = A" in this notation.

Example 1.7. Suppose that / is a small category, and that X : / — Set is a set-valued
functor. The category of elements (or translation category, or slice category)

/X = Ey(X)

associated to X has as objects all pairs (i,x) with x € X (i), or equivalently all func-
tions
x5 X(i).

A morphism « : (i,x) — (j,y) is a morphism o : i — j of I such that o, (x) =y, or
equivalently a commutative diagram

O

* \ Ol

y .

X(j)

The simplicial set B(E;X) is often called the homotopy colimit for the functor X,
and one writes

holim,; X = B(E;X).
There is a canonical functor E;X — I which is defined by the assignment (i,x) — i,
which induces a canonical simplicial set map
7 : B(E;X) = holim,; X — BI.
The functors n — E;X can be identified with strings
(i0sx0) 25 (iryo1) 25 o 2 (i, ).

Note that such a string is uniquely specified by the underlying string iy — --- — iy,
in the index category ¥ and xy € X (ip). It follows that there is an identification

(holim; X), = B(EXX)n= ||  X(io)-

o=+ —in

This construction is natural with respect to natural transformations in X. Thus
a diagram Y : I — sSet in simplicial sets determines a bisimplicial set with (n,m)
simplices
BEY)w= || Y(io)m

ig—r-—ip
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The diagonal d(Z) of a bisimplicial set Z is the simplicial set with n-simplices
Zp . Equivalently, d(Z) is the composite functor

A z
A% = AP x AP = Set

where A is the diagonal functor.

The diagonal dB(E;Y) of the bisimplicial set B(E;Y) is the homotopy colimit
m; Y of the diagram Y : I — sSet in simplicial sets. There is a natural simplicial
set map

T M 1Y — BI

Example 1.8. Suppose that X and Y are simplicial sets. There is a simplicial set
hom(X,Y) with n-simplices

hom(X,Y), = hom(X x A")Y),

called the function complex .
There is a natural simplicial set map

ev:X xhom(X,Y) =Y

which sends the pair (x, f : X X A" — Y) to the simplex f(x,1,). Suppose that K is
another simplicial set. The function

ev, : hom(K,hom(X,Y)) — hom(X x K,Y),

which is defined by sending the map g : K — hom(X,Y) to the composite

X x K 2% X x hom(X,Y) < ,
is a natural bijection, giving the exponential law
hom(K,hom(X,Y)) 2 hom(X x K,Y).

This natural isomorphism gives sSet the structure of a cartesian closed category. The
function complexes also give sSet the structure of a category enriched in simplicial
sets.

1.2 The simplex category and realization

The simplex category A /X for a simplicial set X has for objects all simplices A" —
X. Its morphisms are the incidence relations between the simplices, meaning all
commutative diagrams
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A™ (1.2)

Al’l

The realization |X| of a simplicial set X is defined by

X| = lim 4",
An—X

meaning that the space |X| is constructed by glueing together copies of the spaces

described in Example 1.3 along the incidence relations of the simplices of X. The

assignment X — |X| defines a functor

| | : sSet — CGHaus.

The proof of the following lemma is an exercise:
Lemma 1.9. The realization functor | | is left adjoint to the singular functor S.

Example 1.10. The realization |A”| of the standard n-simplex is the space |A”| de-
scribed in Example 1.3, since the simplex category A/A” has a terminal object,
namely 1 : A" — A",

Example 1.11. The realization |dA"| of the simplicial set A" is the topological
boundary d|A”"| of the space |A”|. The space |A}'| is the part of the boundary J|A"|
with the face opposite the vertex k removed. In effect, the realization functor is a
left adjoint and therefore preserves coequalizers and coproducts.

The n-skeleton sk, X of a simplicial set X is the subobject generated by the sim-
plices X;, 0 <i < n. The ascending sequence of subcomplexes

skoX Cskij X Cskr, X C...

defines a filtration of X, and there are pushout diagrams

LIXGNXn aA" _— Skn_l X

L

UxGNX,, At ——— sk, X

Here, NX,, denotes the set of non-degenerate n-simplices of X.

It follows that the realization of a simplicial set is a CW-complex. Every mono-
morphism A — B of simplicial sets induces a cofibration |A| — |B| of spaces, since
|B| is constructed from |A| by attaching cells.

The realization functor preserves colimits (is right exact) because it has a right
adjoint. The realization functor, when interpreted as taking values in compactly gen-
erated Hausdorff spaces, also has a fundamental left exactness property:
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Lemma 1.12. The realization functor
| | : sSet — CGHaus.

preserves finite limits. Equivalently, it preserves finite products and equalizers.

This result is proved in [20].

1.3 Model structure for simplicial sets

This section summarizes material which is presented in some detail in [24].

Say that a map f : X — Y of simplicial sets is a weak equivalence if the induced
map f : |X| — |Y| is a weak equivalence of CGHaus. A map i : A — B of simplicial
sets is a cofibration if and only if it is a monomorphism, meaning that all functions
i:A, — B, are injective. A simplicial set map p : X — Y is a fibration if and only if
it has the right lifting property with respect to all trivial cofibrations.

As usual, a trivial cofibration (respectively trivial fibration) is a cofibration (re-
spectively fibration) which is also a weak equivalence.

Throughout this book, a closed model category will be a category M equipped
with three classes of maps, called cofibrations, fibrations and weak equivalences
such that the following axioms are satisfied:

CM1 The category M has all finite limits and colimits.
CM2 Suppose given a commutative diagram

X 4f> Y
N
Z
in M. If any two of the maps f, g and & are weak equivalences, then so is the
third.
CM3 If amap f us a retract of g and g is a weak equivalence, fibration or cofi-

bration, then so is f.
CM4 Suppose given a commutative solid arrow diagram

A—=X

| )

B——Y

where i is a cofibration and p is a fibration. Then the dotted arrow exists,making
the diagram commute, if either i or p is a weak equivalence.

CMS Everymap f:X — Y has factorizations f = p-iand f =g~ j, in which i is
a cofibration and a weak equivalence and p is a fibration, and j is a cofibration
and ¢ is a fibration and a weak equivalence.
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There are various common adjectives which decorate closed model structures.
For example, one says that the model structure on M is simplicial if the category can
be enriched in simplicial sets in a way that behaves well with respect to cofibrations
and fibrations, and the model structure is proper if weak equivalences are preserved
by pullback along fibrations and pushout along cofibrations. Much more detail can
be found in [24] or [29].

Theorem 1.13. With these definitions given above of weak equivalence, cofibration
and fibration, the category sSet of simplicial sets satisfies the axioms for a closed
model category.

Here are the basic ingredients of the proof:

Lemma 1.14. A map p : X — Y is a trivial fibration if and only if it has the right
lifting property with respect to all inclusions dA™ C A", n > 0.

The proof of Lemma 1.14 is formal. If p has the right lifting property with respect
to all inclusions dA” C A" then it is a homotopy equivalence. Conversely, p has a
factorization p = ¢ - j, where j is a cofibration and ¢ has the right lifting property
with respect to all maps JA™ C A", so that j is a trivial cofibration, and then p is a
retract of g by a standard argument.

The following can be proved with simplicial approximation techniques [40].

Lemma 1.15. Suppose that a simplicial set X has at most countably many non-
degenerate simplices. Then the set of path components my|X| and all homotopy
groups 1, (|X|,x) are countable.

The following bounded cofibration lemma is a consequence.

Lemma 1.16. Suppose that i : X — Y is a trivial cofibration and that A CY is a
countable subcomplex. Then there is a countable subcomplex B C'Y with A C B
such that the map BN X — B is a trivial cofibration.

Lemma 1.16 implies that the set of countable trivial cofibrations generate the
class of all trivial cofibrations, while Lemma 1.14 implies that the set of all inclu-
sions dA" C A" generates the class of all cofibrations. Theorem 1.13 then follows
from small object arguments.

A Kan fibration is amap p : X — Y of simplicial sets which has the right lifting
property with respect to all inclusions A;' C A". A Kan complex is a simplicial set
X for which the canonical map X — * is a Kan fibration.

Remark 1.17. Every fibration is a Kan fibration. Every fibrant simplicial set is a Kan
complex.

Kan complexes Y have combinatorially defined homotopy groups: if x € ¥y is a
vertex of Y, then
7, (Y,x) = m((A",0A™), (Y,x))
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where 7( , ) denotes simplicial homotopy classes of maps, of pairs in this case. The
path components of any simplicial set X are defined by the coequalizer

X1 = Xo — mpX,

where the maps X; — X are the face maps dy,d. Say thatamap f:Y — Y’ of Kan
complexes is a combinatorial weak equivalence if it induces isomorphisms

ﬂ:n(wa) i) ﬂn(Y/af(x))

for all x € Yy, and
mo(Y) — mo(Y').

Going further requires the following major theorem, due to Quillen [58],[24]:

Theorem 1.18. The realization of a Kan fibration is a Serre fibration.

The proof of this result requires much of the classical homotopy theory of Kan
complexes (in particular the theory of minimal fibrations), and will not be discussed
here — see [24].

Here are the consequences:

Theorem 1.19 (Milnor theorem). Suppose that Y is a Kan complex and that
N :Y = S(|Y]) is the adjunction homomorphism. Then 1 is a combinatorial weak
equivalence.

It follows that the combinatorial homotopy groups of 7, (Y,x) coincide up to nat-
ural isomorphism with the ordinary homotopy groups 7,(|Y|,x) of the realization,
for all Kan complexes Y. The proof of Theorem 1.19 is a long exact sequence argu-
ment, based on the path-loop fibre sequences in simplicial sets. These are Kan fibre
sequences, and the key is to know, from Theorem 1.18 and Lemma 1.12, that their
realizations are fibre sequences.

Theorem 1.20. Every Kan fibration is a fibration.

Proof (Sketch). The key step in the proof is to show, using Theorem 1.19, that every
map p : X — Y which is a Kan fibration and a weak equivalence has the right lifting
property with respect to all inclusions dA™ C A", This is true if Y is a Kan complex,
since p is then a combinatorial weak equivalence by Theorem 1.19. Maps which are
weak equivalences and Kan fibrations are stable under pullback by Theorem 1.18
and Lemma 1.12. It follows from Theorem 1.19 that all fibres of the Kan fibration
p are contractible. It also follows, by taking suitable pullbacks, that it suffices to
assume that p has the form p : X — A If F is the fibre of p over the vertex 0, then
the Kan fibration p is fibrewise homotopy equivalent to the projection F x AK — Ak
[24, 1.10.6]. This projection has the desired right lifting property, as does any other
Kan fibration in its fibre homotopy equivalence class — see [24, 1.7.10]. a
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Remark 1.21. Theorem 1.20 implies that the model structure of Theorem 1.13 con-
sists of cofibrations, Kan fibrations and weak equivalences. This is the standard,
classical model structure for simplicial sets. The identification of the fibrations with
Kan fibrations is the interesting part of this line of argument.

The realization functor preserves cofibrations and weak equivalences, and it fol-
lows that the adjoint pair

| | : sSet = CGHaus: S,
is a Quillen adjunction. The following is a consequence of Theorem 1.19:

Theorem 1.22. The adjunction maps 1 : X — S(|X|) and € : |S(Y)| — Y are weak
equivalences, for all simplicial sets X and spaces Y, respectively.

In particular, the standard model structures on sSet and CGHaus are Quillen equiv-
alent.

1.4 Projective model structure for diagrams

Suppose that / is a small category, and let sSet’ denote the category of I-diagrams
of simplicial sets. The objects of this category are the functors X : I — sSet, and the
morphisms f : X — Y are the natural transformations of functors. One often says
that the category sSet’ is the I-diagram category.

There is a model structure on the /-diagram category, which was originally in-
troduced by Bousfield and Kan [8], and for which the fibrations and weak equiv-
alences are defined sectionwise. This model structure is now called the projective
model structure on the I-diagram category. Cofibrant replacements in this structure
are like projective resolutions of ordinary chain complexes.

Explicitly, a weak equivalence for this category is a map f : X — Y such that the
simplicial set maps f : X (i) — Y (i) (the components of the natural transformation)
are weak equivalences of simplicial sets for all objects i of /. One commonly says
that such a map is a sectionwise weak equivalence. A map p : X — Y is said to be
a sectionwise fibration if all components p : X (i) — Y (i) are fibrations of simplicial
sets. Finally, a projective cofibration is a map which has the left lifting property
with respect to all maps which are sectionwise weak equivalences and sectionwise
fibrations, or which are sectionwise trivial fibrations.

The function complex hom(X,Y) for I-diagrams X and Y is the simplicial set
whose n-simplices are all maps X x A" — Y of I-diagrams. Here A" has been iden-
tified with the constant I diagram which takes a morphism i — j to the identity map
on A",

Observe that the i-sections functor X — X (i) has a left adjoint

L; : sSet — sSet,
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which is defined for simplicial sets K by
L;(K) =hom(i, ) X K,

where hom(i, ) : I — Set is the functor which is represented by i.
Then we have the following:

Proposition 1.23. The I-diagram category sSet!, together with the classes of projec-
tive cofibrations, sectionwise weak equivalences and sectionwise fibrations defined
above, satisfies the axioms for a proper closed simplicial model category.

Proof. A map p:X — Y is a sectionwise fibration if and only if it has the right
lifting property with respect to all maps L;(A;') — L;i(A") which are induced by
inclusions of horns in simplices. A map g : Z — W of I-diagrams is a sectionwise
fibration and a sectionwise weak equivalence if and only if it has the right lifting
property with respect to all maps L;(dA™) — L;(A").

Observe that every cofibration (monomorphism) j : A — B of simplicial sets in-
duces a projective cofibration j, : L;(A) — L;(B) of I-diagrams, and that this map j,
is a sectionwise cofibration. Observe also that if j is a trivial cofibration then j, is a
sectionwise weak equivalence.

It follows, by a standard small object argument, that every map f: X — Y of
I-diagrams has factorizations

(1.3)

- Z
N

X ———

: Y
e
w

where i is a projective cofibration and a sectionwise weak equivalence and p is a
sectionwise fibration, and j is a projective cofibration and ¢ is a sectionwise trivial
fibration. We have therefore proved the factorization axiom CMS for this structure.

The maps i and j in the diagram (1.3) are also sectionwise cofibrations, by con-
struction, and the map i has the left lifting property with respect to all sectionwise
fibrations.

In particular, if & : A — B is a projective cofibration and a sectionwise weak
equivalence, then & has a factorization

A->C

N VP
B

where i is a projective cofibration, a sectionwise weak equivalence, and has the left
lifting property with respect to all sectionwise fibrations, and p is a sectionwise
fibration. The map p is also a sectionwise weak equivalence so the lift exists in the
diagram
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A
B
It follows that ¢ is a retract of the map i, and therefore has the left lifting property
with respect to all projective fibrations. This proves the axiom CM4.

All of the other closed model axioms are easily verified.

Suppose that j : K — L is a cofibration of simplicial sets. The collection of all
sectionwise cofibrations & : A — B such that the induced map

(0,j): (BXK)U(AXL)—BXxL

is a projective cofibration, is closed under pushout, composition, filtered colimits,
retraction, and contains all maps L;M — L;N which are induced by cofibrations M —
N of simplicial sets. This class of cofibrations ¢ therefore contains all projective
cofibrations. Observe further that the map (, j) is a sectionwise weak equivalence
if either « is a sectionwise equivalence or j is a weak equivalence of simplicial sets.

The I-diagram category therefore has a simplicial model structure in the sense
thatif o : A — B is a projective cofibration and j : K — L is a cofibration of simplicial
sets, then the map (a, j) is a projective cofibration, which is a sectionwise weak
equivalence if either « is a sectionwise weak equivalence or j is a weak equivalence
of simplicial sets.

All projective cofibrations are sectionwise cofibrations. Properness for the /-
diagram category therefore follows from properness for simplicial sets.

The model structure for the /-diagram category sSet’ is cofibrantly generated ,
in the sense that the classes of projective cofibrations, respectively trivial projective
cofibrations, are generated by the set of maps

L,'((?An) —>L,'(An), (1.4)

respectively
Li(Ay) — Li(A™). (1.5)

This means that the cofibrations form the smallest class of maps which contains the
set (1.4) and is closed under pushout, composition, filtered colimit and retraction.
The class of trivial projective cofibrations is similarly the smallest class containing
the set of maps (1.5) which has the same closure properties. The claim about the
cofibrant generation is an artifact of the proof of Proposition 1.23.

The category sSet of simplicial sets is also cofibrantly generated. The simplicial
set category is a category of /-diagrams, where [ is the category with one morphism.



Chapter 2
Some topos theory

2.1 Grothendieck topologies

For our purposes, a Grothendieck site is a small category € equipped with a topol-
ogy 7. A Grothendieck topology 7 consists of a collection of subfunctors

RChom(,U), UE€E,

called covering sieves, such that the following axioms hold:

1) (base change) If R C hom( ,U) is covering and ¢ : V — U is a morphism of &,
then the subfunctor

0" (R)={y:W—>V|¢-yER}

is covering for V.

2) (local character) Suppose that R,R’ C hom( ,U) are subfunctors and R is cover-
ing. If 9 ~'(R') is covering for all ¢ : V — U in R, then R’ is covering.

3) hom( ,U) is covering forall U € ¥

Typically, Grothendieck topologies arise from covering families in sites 4" having
pullbacks. Covering families are sets of functors which generate covering sieves.
More explicitly, suppose that the category % has pullbacks. Since % is small,
a pretopology (equivalently, a topology) 7 on % consists of families of sets of
morphisms
{¢OC:U(X4>U}7 UG%?

called covering families , such that the following axioms hold:

1) Suppose that ¢y : Uy, — U is a covering family and that y : V — U is a morphism
of €. Then the collection V xy Uy — V is a covering family for V.

2) If {¢q : Ug — V'} is covering, and { ¥ g : Wy g — Uq } is covering for all o, then
the family of composites

'Ya. o
W g 2 Uy 2% U

15
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is covering.
3) The family {1 : U — U} is covering for all U € .

Example 2.1. Let X be a topological space. The site op |x is the poset of open subsets
U C X. A covering family for an open subset U is an open cover V C U.

Example 2.2. Suppose that X is a topological space. The site loc |x is the category
of all maps f : Y — X which are local homeomorphisms . Here, a map f is a local
homeomorphism if each x € ¥ has a neighbourhood U such that f(U) is open in X
and the restricted map U — f(U) is a homeomorphism. A morphism of loc|y is a
commutative diagram

Y\7Y’

where f and f’ are local homeomorphisms. A family { @, : Yo — Y} of local home-
omorphisms (over X) is covering if X = U@y (Y ).

Example 2.3. Suppose that S is a scheme (which is a topological space with sheaf
of rings locally isomorphic to affine schemes Sp(R)). The underlying topology on
X is the Zariski topology. The Zariski site Zar|s is the poset with objects all open
subschemes U C S. A family Vy C U is covering if UV, = U as sets.

A scheme homomorphism ¢ : Y — X is étale at y € Y if

a) Oy is aflat Oy, -module (¢ is flat at y).
b) ¢ is unramified at y: Oy /.#,) O} is a finite separable field extension of k(f(y)).

Say that a map ¢ : Y — X is étale if it is étale at every y € Y and locally of finite
type (see [53], for example).

Example 2.4. Let S be a scheme scheme. The ézale site et|s has as objects all étale
maps ¢ : V — S and all diagrams

V—sV'
A /o
S

for morphisms (with ¢, ¢’ étale). A covering family for the étale topology is a collec-
tion of étale morphisms @g, : Vo, — V such that V = U¢q (V) as a set. Equivalently
every morphism Sp(Q) — V lifts to some Vy, if Q is a separably closed field.

Example 2.5. The Nisnevich site Nis|s has the same underlying category as the étale
site, namely all étale maps V — S and morphisms between them. A Nisnevich cover
is a family of étale maps V; — V such that every morphism Sp(K) — V lifts to some
Vo, where K is any field. Nisnevich originally called this topology the “completely
decomposed topology” or “cd-topology” [56], because of the way it behaves over
fields — see [37].
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Example 2.6. A flat covering family of a scheme S is a set of flat morphisms ¢ :
S« — S (ie. mophisms which are flat at each point) such that S = U¢q (S ) as a set
(equivalently LIS, — S is faithfully flat). The category (Schls) s is the “big” flat site
. Pick a large cardinal «; then (Sch|s) is the category of S-schemes X — S such that
the cardinality of both the underlying point set of X and all sections O (U) of its
sheaf of rings are bounded above by k.

Example 2.7. There are corresponding big sites (Sch|s)zar, (Schls)er, (Schls)nis, and
one can play similar games with topological spaces.

Example 2.8. Suppose that G = {G;} is profinite group such that all G; — G; are
surjective group homomorphisms. Write also G = lim G;. A discrete G-set is a set X
with G-action which factors through an action of G; for some i. Write G — Set,; s for
the category of G-sets which are both discrete and finite. A family Uy — X in this
category is covering if and only if the induced map | |Uy — X is surjective.

Example 2.9. Suppose that € is any small category. Say that R C hom( ,x) is cov-
ering if and only if 1, € R. This is the chaotic topology on € .

Example 2.10. Suppose that % is a site and that U € €. Then the slice category € /U
has for objects all morphisms V — U of %', and its morphisms are the commutative
triangles

%

U
14 /
The category € /U inherits a topology from €: a collection of maps Vo, —V — U
is covering if and only if the family Vy — V covers V.

A presheaf (of sets) on a Grothendieck site € is a set-valued contravariant functor
defined on %, or equivalently a functor ¥’°7 — Set defined on the opposite category
E°P, where €°P is the category ¥ with its arrows reversed. The presheaves on
% form a category whose morphisms are natural transformation, which is often
denoted by Pre(%’) and is called the presheaf category for the site €.

One can talk about presheaves taking values in any category E, and following
[49] (for example) we can write Pre(%,E) for the corresponding category of E-
presheaves on ¢, or functors %°? — E and their natural transformations. The shorter
notation

sPre(%) := Pre(%,sSet)

denotes the category of presheaves 4’7 — sSet on ¥ taking values in simplicial
sets — this is the category of simplicial presheaves on €. One views simplicial
presheaves as either simplicial objects in presheaves, or as presheaves in simplicial
sets.
A sheaf (of sets) on € is a presheaf F : €°P — Set such that the canonical map
F(U)— lim F(V) (2.1)

—
V—UE€eR
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is an isomorphism for each covering sieve R C hom( ,U). Morphisms of sheaves
are natural transformations; write Shv(%’) for the corresponding category. The sheaf
category Shv(%) is a full subcategory of Pre(%).

There is an analogous definition for sheaves in any complete category E, and one
would write Shv(%,E) for the corresponding category. The assertion that the cate-
gory E is complete means that it has all small limits, so requiring that the morphism
(2.1) should be an isomorphism for the functor F : €°7 — E to be a sheaf makes
sense.

Following the convention for simplicial presheaves displayed above, use the no-
tation

sShv(%) := Shvy (€, sSet)

for the category of simplicial sheaves on the site € .

Exercise 2.11. If the topology on % is defined by a pretopology (so that € has all
pullbacks), show that F' is a sheaf if and only if all diagrams

F(U) =[] FUa) =[] F(Ua xv Up)
a o.p
arising from covering families Uy — U are equalizers.

Lemma 2.12. 1) [fR C R’ Chom( ,U) and R is covering then R’ is covering.

2) If R,R' C hom( ,U) are covering then RNR' is covering.

3) Suppose that R C hom( ,U) covering and that Sy C hom( V) is covering for all
¢ :V — U of R. Let Rx S be the sieve which is generated by the composites

whvu

with ¢ € Rand 'y € Sy. Then R* S is covering.

Proof. For 1), one shows that ¢ ' (R) = ¢~ (R') for all ¢ € R, so that R’ is covering
by the local character axiom. The relation ¢ (RN R') = ¢ ~!(R') for all ¢ € R
implies that RN R’ is covering, giving 2). Statement 3) is proved by observing that
Sy C o 1(RxS) forall g €R. O

Suppose that R C hom(,U) is a sieve, and F is a presheaf on %". Write
FU)r= lim F(V)
vuer

Write {x, } to denote elements of F (U )g, and call them R-compatible families in F.
If § C R then there is an obvious map

FU)r—=F(U)s

Write
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where the colimit is indexed over all covering sieves R C hom( ,U). This colimit
is filtered by Lemma 2.12. Elements of LF(U) are classes [{xy}] of compatible
families. Then the assignment U — LF (U) defines a presheaf, and there is a natural
presheaf map

V:F—LF

Say that a presheaf G is separated if (equivalently)

1) the map v : G — LG is a monomorphism in each section, ie. all functions G(U) —
LG(U) are injective, or

2) Given x,y € G(U), if there is a covering sieve R C hom( ,U) such that ¢*(x) =
¢*(y) forall ¢ € R, thenx =y.

Lemma 2.13. /) The presheaf LF is separated, for all presheaves F.

2) If G is a separated presheaf then LG is a sheaf.

3) If f: F — G is a presheaf map and G is a sheaf, then f factors uniquely through
a presheaf map f. : LF — G.

It follows from Lemma 2.13 that the object L”F is a sheaf for every presheaf F,
and the functor F + L2F is left adjoint to the inclusion Shv(%’) C Pre(%). The unit
of the adjunction is the composite

FYLF Y IPF (2.2)

One often writes F := L”F for the sheaf associated to the presheaf F, and in these
terms it is standard to write n : F — F for the composite (2.2).

Proof (of Lemma 2.13). Suppose that y*(x) = y*(y) for all y : W — U is some
covering sieve S C hom( ,U), where x,y € LF(U). We can assume that x = [{xy }]
and y = [{yy }] are represented by compatible families defined on the same covering
sieve R C hom( ,U). By restricting to the intersection SN R (Lemma 2.12), we can
also assume that S = R. It follows that, for each ¢ : V — U in R, there is a covering
sieve Ty such that

Xoy = Yk()%) = 7/*(Y¢) = Yoy

foreach y: W — V in T. The compatible families {xy } and {y } therefore restrict to
the same compatible family on the covering sieve R+ T C R, so that [{x4 }] = [{v¢ }].
The presheaf LF is therefore separated, giving statement 1).

If ¢ : V — U is a member of a covering sieve R C hom( ,U), then ¢! (R) =
hom(, V) is the unique covering sieve for V which contains the identity 1y : V — V.
It follows that if the compatible family {x4}, ¢ : V. — U in R, is an R-compatible
family, then ¢*[{xy}] = v(xy) for all ¢ € R.

Suppose that G is separated, and that [{vy }] € LG(U)g is an R-compatible fam-
ily. Then each vy lifts locally to G along some covering sieve Ty according to the
previous paragraph, so there is a refinement R* 7T C R of covering sieves such that
vy = V(xy) for each y : W — U of R+ T. The presheaf G is separated, so that the
elements xy, define an element of G(U )g.r and an element [{xy }| of LG(U). Then
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¢*[{xy }] = vy foreach ¢ € R since LG is separated, and it follows that the canonical
function
LG(U) = LG(U)r

is surjective. This function is injective since LG is separated. Thus, LG is a sheaf,
giving statement 2).

If G is a sheaf, then the presheaf map v : G — LG is an isomorphism essentially
by definition, and statement 3) follows. O

2.2 Exactness properties

Lemma 2.14. 1) The associated sheaf functor preserves all finite limits.

2) The sheaf category Shv(€) is complete and co-complete. Limits are formed sec-
tionwise.

3) Every monomorphism in Shv(%) is an equalizer.

4) If the sheaf morphism 0 : F — G is both a monomorphism and an epimorphism,
then O is an isomorphism.

Proof. Statement 1) is proved by observing that LF is defined by filtered colimits,
and finite limits commute with filtered colimits.

If X : I — Shv(%) is a diagram of sheaves, then the colimit in the sheaf category
is L?(lim X ), where lim X is the presheaf colimit, giving statement 2).

If A C X is a subset, then there is an equalizer

14

The same holds for subobjects A C X of presheaves, and hence for subobjects of
sheaves, since the associated sheaf functor L2 preserves finite limits. Statement 3)
follows.

For statement 4), observe that the map 0 appears in an equalizer

f

F—9>G%g>> K

since 0 is a monomorphism. But 0 is an epimorphism, so f = g. But then 15 :
G — G factors through 0, giving a section ¢ : G — F. Finally, 660 = 0 and 0 is a
monomorphism, so 66 = 1. O

Here are some fundamental definitions:

1) A presheaf map f : F — G is a local epimorphism if for each x € G(U) there is a
covering R C hom( ,U) such that ¢*(x) = f(yg) for some y, for all ¢ € R.

2) f: F — G is a local monomorphism if given x,y € F(U) such that f(x) = f(y),
there is a covering R C hom( ,U) such that ¢*(x) = ¢*(y) for all ¢ € R.
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3) A presheaf map f : F — G which is both a local epimorphism and a local
monomorphism is a local isomorphism .

Example 2.15. The canonical map v : F — LF is a local isomorphism for all
presheaves F. The fact that v is a local monomorphism is a consequence of the
definitions, and the claim that v is a local epimorphism appears as a detail in the
proof of Lemma 2.13

It follows that the associated sheaf map 1 : F — L?F is also a local isomorphism,
for all presheaves F.

Lemma 2.16. Suppose that f : F — G is a presheaf morphism. Then f induces an
isomorphism (respectively monomorphism, epimorphism) f, : L*F — L*G of asso-
ciated sheaves if and only if f is a local isomorphism (respectively local monomor-
phism, local epimorphism) of presheaves.

Proof. Tt is an exercise to show that, given a commutative diagram

F$F/

RN

F/I

of presheaf morphisms, if any two of f,g and h are local isomorphisms, then so is
the third. It is an exercise to show that a sheaf map g : E — E’ is a monomorphism
(respectively epimorphism) if and only if it is a local monomorphism (respectively
local epimorphism). Now use the comparison diagram

F—n>L2F

fl |s

G?LzG

to finish the proof of the Lemma. a

A Grothendieck topos is a category & which is equivalent to a sheaf category
Shv(%) on some Grothendieck site .
Grothendieck toposes are characterized by exactness properties :

Theorem 2.17 (Giraud). A category & having all finite limits is a Grothendieck
topos if and only if it has the following properties:

1) The category & has all small coproducts; they are disjoint and stable under pull-
back.

2) Every epimorphism of & is a coequalizer.

3) Every equivalence relation R = E in & is a kernel pair and has a quotient.

4) Every coequalizer R = E — Q is stably exact.
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5) There is a set of objects which generates the category &.

A sketch proof of Giraud’s Theorem appears below, but the result is proved in many
places — see, for example, [52], [59].
Here are the definitions of the terms appearing in the statement of Theorem 2.17:

1) The coproduct | |; A; is disjoint if all diagrams
O)——— Aj

|

A ——; A

are pullbacks for i # j. The coproduct | |; A; is stable under pullback if all dia-
grams

are pullbacks.
3) An equivalence relation is a monomorphism m = (mg,m;) : R — E X E such that

a) the diagonal A : E — E X E factors through m (ie. a ~ a)
b) the composite R = E x E 5 E x E factors through m (ie. a ~ b = b ~ a).

¢) the map
(momoy,mimiy) :RXgR— EXE

factors through m (this is transitivity) where the pullback is defined by

RxpR Vs R

—_—
R—

The kernel pair of a morphism u : E — D is a pullback

R
mgoy i
E

(Exercise: show that every kernel pair is an equivalence relation).

my
—_—

U<Th']

_—
u

A quotient for an equivalence relation (mg,m;) : R — E X E is a coequalizer
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mo
R—=E——E/R
mp

4) A coequalizer R = E — Q is stably exact if the induced diagram
RxpQ =ExpQ — (0

is a coequalizer for all morphisms Q' — Q.
5) Following [6], a generating set is a set of objects S which detects the difference
between maps. This means precisely that the map

|_| x—F

x—E

which is defined by all maps x — E with x € S, is an epimorphism, and this for
all objects E of &.

Exercise 2.18. Show that any category Shv(%’) on a site € satisfies the conditions
of Giraud’s theorem. The family L>hom( ,U), U € € is a set of generators.

Proof (Sketch proof of Theorem 2.17). The key is to show that a category & which
satisfies the conditions of the Theorem is cocomplete. In view of the assumption
that & has all small coproducts it is enough to show that & has all coequalizers. The
coequalizer of the maps fi, f> : E' — E is constructed by taking the canonical map
E — E/R, where R is the minimal equivalence relation which is contains (f1, f2) in
the sense that there is a commutative diagram

R

o

I ——EXE
E (f1./2)

See also [52, p.575].
Suppose that S is the set of generators for & prescribed by Giraud’s theorem, and

let % be the full subcategory of & on the set of objects A. A subfunctor R C hom( ,x)
on ¥ is covering if the map

is an epimorphism of &. In such cases, there is a coequalizer

L] »o= || yox

Yoyl X y—XER

where the displayed strings yo — y; — x are morphisms between generators such
that y; — xisin R.

It follows that every object E € & represents a sheaf hom( ,E) on %, and a sheaf
F on € determines an object
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hom( ,y)—F

of &.
The adjunction

hom( lim v,E) = hom(F,hom( ,E))
hom( ,y)—F

determines an adjoint equivalence between & and Shv(%). ad

The strategy of the proof of Giraud’s Theorem is arguably as important as the
statement of the Theorem itself. Here are some examples;

Example 2.19. Suppose that G is a sheaf of groups, and let G — Shv(%) denote the
category of all sheaves X admitting G-action, with equivariant maps between them.
G —Shv(%) is a Grothendieck topos, called the classifying topos for G, by Giraud’s
theorem. The objects G x L> hom( ,x) form a generating set.

Example 2.20. If G = {G;} is a profinite group such that all transition maps G; — G
are surjective, then the category G — Set, of discrete G-sets is a Grothendieck topos.
A discrete G-set is a set X equipped with a pro-map G — Aut(X). The finite discrete
G-sets form a generating set for this topos, and the full subcategory on the finite
discrete G-sets is the site prescribed by Giraud’s theorem.

If the profinite group G is the absolute Galois group of a field k, then the category
G — Set, of discrete G-sets is equivalent to the category Shv(ez|;) of sheaves on the
étale site for k. More generally, if S is a locally Noetherian connected scheme with
geometric point x, and the profinite group 7 (S, x) is the Grothendieck fundamental
group, then the category of discrete 7 (S,x)-sets is equivalent to the category of
sheaves on the finite étale site fet|s for the scheme S. See [1], [53].

2.3 Geometric morphisms

Suppose that ¢ and 2 are Grothendieck sites. A geometric morphism
f:Shv(%) — Shv(2)

consists of functors f : Shv(%¢) — Shv(2) and f* : Shv(2) — Shv(¥) such that
f* is left adjoint to f, and f* preserves finite limits.

The left adjoint f* is called the inverse image functor, while f, is called the
direct image . The inverse image functor f* is left and right exact in the sense that
it preserves all finite colimits and limits, respectively. The direct image functor f;
is usually not left exact (ie. it may not preserve finite colimits), and therefore has
derived functors.
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Example 2.21. Suppose f : X — Y is a continuous map of topological spaces. Pull-
back along f induces a functor op [y — op|x which takes an open subset U C Y to
f~1(U). Open covers pull back to open covers, so that if F is a sheaf on X, then
composition with the pullback gives a sheaf f.F on Y with f.F(U) = F(f~'(U)).
The resulting functor

S« :Shv(op|x) — Shv(op|y)

is the direct image. It extends to a direct image functor
f« : Pre(op|x) — Pre(op|y)

which is defined in the same way
The left Kan extension

7 :Pre(op|y) — Pre(op|x)
of the presheaf-level direct image is defined by
F7G(V) = limG(U)
where the colimit is indexed over all diagrams

V—U

-

X —Y

in which the vertical maps are inclusions of open subsets. The category op |y has all
products (ie. intersections), so the colimit is filtered. The functor G — f7 G therefore
commutes with finite limits. The sheaf theoretic inverse image functor

f*:Shv(op|y) — Shv(op|x)

is defined by f*(G) = L*f?(G). The resulting pair of functors forms a geometric
morphism f : Shv(op|x) — Shv(op|y).

Example 2.22. Suppose that f : X — Y is a morphism of schemes. Etale maps (re-
spectively covers) are stable under pullback, and so there is a functor et|y — et|x
which is defined by pullback. If F is a sheaf on et|x then there is a sheaf f.F on
et|y which is defined by f,F(V = Y) = f(X xyV — X)
The restriction functor f; : Pre(et|x) — Pre(et|y) has a left adjoint f” defined
by
fPGU—X) = 113 G(V)

where the colimit is indexed over the category of all diagrams
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U \%
X Y

where both vertical maps are étale. The colimit is filtered, because étale maps are
stable under pullback and composition. The inverse image functor

R

R

f

¥ :Shv(et|y) — Shv(er|x)

is defined by f*F = L*fPF, and so f induces a geometric morphism f : Shv(et|x) —
Shv(et|y).

A morphism of schemes f : X — Y induces a geometric morphism f : Shv(?|x) —
Shv(?|y) and/or f : Shv(Sch|x)» — Shv(Schly)- for all of the geometric topologies
(eg. Zariski, flat, Nisnevich, qfh, ...), by similar arguments.

Example 2.23. A point of Shv(%) is a geometric morphism Set — Shv(%’). Every
point x € X of a topological space X determines a continuous map {x} C X and
hence a geometric morphism

Set = Shv(op |(}) = Shv(op|x)
The set
X'F = 11_11} F(U)
xelU

is the stalk of F at x

Example 2.24. Suppose that k is a field. Any scheme homomorphism x : Sp(k) — X
induces a geometric morphism

Shv(et|¢) — Shv(et|x)

If the field k£ happens to be algebraically closed (or separably closed), then there
is an equivalence Shv(ef|;) ~ Set and the resulting geometric morphism x : Set —
Shv(et|x) is called a geometric point of X. The inverse image functor

Fb—>x*F=li_n>1F(U)

is the stalk of the sheaf (or presheaf) F at x. The indicated colimit is indexed by the
filtered category of diagrams
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in which the vertical maps ¢ are étale. These diagrams are the éfale neighbourhoods
of the geometric point x.

Example 2.25. Suppose that S and T are topologies on a site ¢ and that S C 7. In
other words, T has more covers than S and hence refines S. Then every sheaf for T
is a sheaf for S; write

7. : Shvy(€) C Shvg(%)

for the corresponding inclusion functor. The associated sheaf functor for the topol-
ogy T gives a left adjoint * for the inclusion functor m,, and the functor &* pre-
serves finite limits.

In particular, comparing an arbitrary topology with the chaotic topology on a site
€ gives a geometric morphism

Shv(%') — Pre(%)

for which the direct image is the inclusion of the sheaf category in the presheaf
category, and the inverse image is the associated sheaf functor.

A site morphism is a functor f : 2 — % between Grothendieck sites such that

1) If F is a sheaf on &, then the composite functor
op
90 L2 gor L, Get

is a sheaf on 2.
2) Suppose that f? is the left adjoint of the functor

S« : Pre(¢) — Pre(2)

which is defined by precomposition with f°P. Then the functor f? is left exact in
the sense that it preserves all finite limits.

One often paraphrases the requirement 1) by saying that the functor f, should be
continuous: it restricts to a functor

S+ :Shv(%) — Shv(2).

The left adjoint
f*:Shv(2) — Shv(%)

is defined for a sheaf E by f*(E) = L*>f?(E). The functor f* preserves finite limits
since the presheaf-level functor f7 is required to have this property. It follows that
every site morphism f : ¥ — % induces a geometric morphism

f:Shv(%) — Shv(2).

Suppose that g : 2 — ¥ is a functor between Grothendieck sites such that
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1"y If R C hom( ,U) is a covering sieve for Z then the image g(R) of the set of
morphisms of R in € generates a covering sieve for €.
2') The sites 2 and € have all finite limits, and the functor g preserves them.

It is an exercise to show that such a functor g must satisfy the corresponding prop-
erties 1) and 2) above, and therefore defines a site morphism. The functor g is what
Mac Lane and Moerdijk [52] would call a site morphism, while the definition in use
here is consistent with that of SGA4 [2].

In many practical cases, such as Example 2.21 and Example 2.22 above, geomet-
ric morphism are induced by functors g which satisfy conditions 1’) and 2').

2.4 Points

Say that a Grothendieck topos Shv(%) has enough points if there is a set of geomet-
ric morphisms x; : Set — Shv(%’) such that the induced functor

Shyv(%) 4 ] Set

is faithful.

Lemma 2.26. Suppose that [ : Shv(2) — Shv(¥) is a geometric morphism. Then
the following are equivalent:

a) The functor f* : Shv(€) — Shv(2) is faithful.
b) The functor f* reflects isomorphisms

c) The functor f* reflects epimorphisms

d) The functor [* reflects monomorphisms

Proof. Suppose that f* is faithful, which means that f*(g;) = f*(g2) implies that
g1 = g2 Suppose that m : F — G is a morphism of Shv(%’) such that f*(m) is
a monomoprhism. If m- fi = m- f, then f*(f1) = f*(f2) so fi = f>. The map m
is therefore a monomorphism. Similarly, the functor f* reflects epimorphisms and
hence isomorphisms.

Suppose that the functor f* reflects epimorphisms and suppose given morphisms
81,82 : F — G such that f*(g1) = f*(g2). We have equality g; = g» if and only
if their equalizer e : E — F is an epimorphism. But f* preserves equalizers and
reflects epimorphisms, so e is an epimorphism and g; = g»>. The other arguments
are similar. a

Here are some basic definitions:

1) A lattice L is a partially ordered set which has all finite coproducts x 'y and all
finite products x A y.
2) A lattice L has 0 and 1 if it has an initial and terminal object, respectively.
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3) A lattice L is said to be distributive if
xA(YVz)=(xAY)V(xAz)

for all x,y,z.

4) A complement for x in a lattice L with 0 and 1 is an element a such thatxVa =1
and x Aa = 0. If L is also distributive the complement, if it exists, is unique: if b
is another complement for x, then

b=bA1=bA(xVa)=(bAx)V(bAa)
=(xAa)V(bNa)=(xVb)ANa=a

One usually writes —x for the complement of x.

5) A Boolean algebra 2 is a distributive lattice with 0 and 1 in which every element
has a complement.

6) A lattice L is said to be complete if it has all small limits and colimits (aka. all
small meets and joins).

7) A frame P is a lattice which has all small joins (and all finite meets) and which
satisfies an infinite distributive law

un(\/Vi)=\/(UAV;)

Example 2.27. 1) The poset €(T) of open subsets of a topological space T is a
frame. Every continuous map f : S — T induces a morphism of frames f~! :
O(T) — O(S), defined by U v F~1(U).

2) The power set Z(I) of a set I is a complete Boolean algebra.

3) Every complete Boolean algebra 4 is a frame. In effect, every join is a filtered
colimit of finite joins.

Every frame A has a canonical Grothendieck topology: a family y; < x is cov-
ering if \/;y; = x. Write Shv(A) for the corresponding sheaf category. Every com-
plete Boolean algebra Z is a frame, and therefore has an associated sheaf category
Shv(%).

Example 2.28. Suppose that [ is a set. Then there is an equivalence

Shy(2(I)) ~ ] ] Set

icl
Any set I of points x; : Set — Shv(% assembles to give a geometric morphism
x:Shv(Z(I)) — Shv(¥%).

Observe that the sheaf category Shv(%) has enough points if there is such a set
I of points such that the inverse image functor x* for the geometric morphism x is
faithful.
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Lemma 2.29. Suppose that F is a sheaf of sets on a complete Boolean algebra A.
Then the poset Sub(F) of subobjects of F is a complete Boolean algebra.

Proof. The poset Sub(F) is a frame, by an argument on the presheaf level. It remains
to show that every object G € Sub(F) is complemented. The obvious candidate for
-G is
-G= \/ H
H<F, HAG=0
and we need to show that G\/ -G =F.
Every K <hom( ,A) is representable: in effect,

K= lim hom( ,B) =hom( ,C)
hom( ,B)—K

where

hom( ,B)—K

It follows that Sub(hom( ,A)) = Sub(A) is a complete Boolean algebra.
Consider all diagrams

9~(G) HT
hom( ,A) e F

There is an induced pullback

9 (G)V=9~1(G) —=GV-G

T

hom( ,A) — F

The sheaf F is a union of its representable subsheaves, since all ¢ are monomor-
phisms since all hom( ,A) are subobjects of the terminal sheaf. It follows that
GV-G=F. a

Lemma 2.30. Suppose that 2 is a complete Boolean algebra. Then every epimor-
phism ©t . F — G in Shv(2) has a section.

Lemma 2.30 asserts that the sheaf category on a complete Boolean algebra satisfies
the Axiom of Choice.

Proof. Consider the family of lifts
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F
N?G

This family is non-empty, because every x € G(1) restricts along some covering
B < 1 to a family of elements xg which lift to F(B).

All maps hom( ,B) — G are monomorphisms, so that all such morphisms repre-
sent objects of Sub(G), which is a complete Boolean algebra by Lemma 2.29.

Zorn’s Lemma implies that the family of lifts has maximal elements. Suppose
that N is maximal and that =N # @. Then there is an x € =N(C) for some C, and
there is a covering B’ < C such that xz € N(B') lifts to F(B') for all members of
the cover. Then N Ahom( ,B’) = 0 so the lift extends to a lift on NV hom( ,B’),
contradicting the maximality of N. a

A Boolean localization for Shv(%) is a geometric morphism p : Shv(#) —
Shv(%) such that & is a complete Boolean algebra and p* is faithful.

Theorem 2.31 (Barr). Boolean localizations exist for every Grothendieck topos
Shv(%).

Theorem 2.31 is one of the big results of topos theory, and is proved in multiple
places — see [52], for example. There is a relatively simple proof of this result in
the next section.

A Grothendieck topos Shv(%) may not have enough points, in general (eg.
sheaves on the flat site for a scheme), but the result asserts that every Grothendieck
topos has a “fat point” given by a Boolean localization.

2.5 Boolean localization

This section contains a relatively short proof of the Barr theorem (Theorem 2.31)
which says that every Grothendieck topos has a Boolean cover.

The proof is in two steps, just as in the literature (eg. [52]):

1) Show that every Grothendieck topos has a localic cover.
2) Show that every localic topos has a Boolean cover.

We begin with the second step: the precise statement is Theorem 2.39 below. The
first statement is Diaconescu’s Theorem, which appears here as Theorem 2.44.

Recall that a frame F is a lattice which has all small joins and satisfies an infi-
nite distributive law. Recall also that every frame A has a canonical Grothendieck
topology: say that a family y; < x is covering if \/;y; = x. Write Shv(A) for the
corresponding sheaf category.

Say that a Grothendieck topos B is localic if it is equivalent to Shv(A) for some
frame A.
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Theorem 2.32. A Grothendieck topos & is localic if and only if it is equivalent to
Shv(P) for some topology on a poset P.

Proof (Outline). The corresponding frame is the poset of subobjects of the terminal
object 1 = *. These subobjects generate &, and then Giraud’s Theorem is used to
finish the proof. a

A more detailed proof of Theorem 2.32 can be found in [52, IX.5].
A morphism of frames is a poset morphism f : A — B which preserves structure,
ie. preserves all finite meets and all infinite joins, hence preserves both 0 and 1.

Lemma 2.33. Every frame morphism f : A — B has a right adjoint f, : B — A.

Proof. Set fi(y) =V p(x)<y X- O

Suppose that i : P — B is a morphism of frames. Then precomposition with i
determines a functor i, : Shv(B) — Shv(P), since i preserves covers. The left adjoint

i* : Shv(P) — Shv(B)

of i, associates to a sheaf F the sheaf i*F, which is the sheaf associated to the
presheaf i’ F, where

i’F(x) = lim F(y).

x—i(y)
This colimit is filtered since i preserves meets.

Lemma 2.34. Suppose that i : P — B is a morphism of frames and that F is a sheaf
on P. Then the presheaf i F is separated.

Proof. Suppose that o, € i’ F(x) map to the same element in i*F (x). Then there
is a covering family z; < x such that o, B restrict to the same element of i”F(z;) for
all j.

Identify o and 8 with representatives o, 3 € F(y) for some fixed x < i(y). For
each j there is a commutative diagram of relations

Zj ——=i(vj)

|

x —=i(y)

such that & and 3 restrict to the same element of F(v;). But then o and f3 restrict to
the same element of F(Vv;) and Vz; = x and there is a commutative diagram

x ——=i(Vv))

N

i(y)
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Then F is a sheaf, so that o and 8 map to the same element of F(Vv;)x and therefore
represent the same element of i F (x). O

Lemma 2.35. Suppose that the frame morphism i : P — B is a monomorphism. Then
the functor i* : Shv(P) — Shv(B) is faithful.

Proof. By Lemma 2.34, it is enough to show that the canonical map 1 : F — i, i’ F
is a monomorphism of presheaves for all sheaves F on P. For then 1 : F — i,i*F is
a monomorphism, and so i* is faithful (exercise).
The map
nFG) - lim F()
i(y)<i(z)

is the canonical map into the colimit which is associated to the identity map i(y) <
i(y) of B.

The frame morphism i is a monomorphism, so that x = i,.i(x) for all x € P, where
i, is the right adjoint of i : P — B. Thus, i(y) < i(z) if and only if y < z, so that
category of all morphisms i(y) < i(z) has an initial object, namely the identity on
i(y). The map 7 is therefore an isomorphism for all y. O

Suppose that P is a frame and x € P. Write P, for the subobject of P consisting
of all y such that x <y. Then P, is a frame with initial object x and terminal object
1. There is a frame morphism

Oy : P — P,

defined by ¢y (w) =xV w.
Suppose that Q is a frame and that x € Q. Write

X = \/ y

xA\y=0
Note that x A —x = 0 so that there is a relation (morphism)
n:x<—x

for all x € Q; this relation is natural in x. Further, the relation 1 induces the relation
-1 : =——x < —x, while we have the relation 1 : —x < ———x for —w. It follows that
the relation

n:—wx<

is an equality (isomorphism) for all x € Q.
Define a subposet =—Q of Q by

—Q={ycQly=—-v}

There is a diagram of relations
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.x/\y B — _‘_‘(-X/\y)

L

(=) A (27y)

Thus, the element x Ay is a member of =—Q if both x and y are in —=—(, for in that
case the vertical map in the diagram is an isomorphism. If the set of objects x; are
members of ==, then the element ——(V;x;) is their join in =—Q. It follows that the
poset =—Q is a frame, and that the assigment x — ——x defines a frame morphism

v:Q— Q.
Lemma 2.36. The frame ——Q is a complete Boolean algebra, for every frame Q.

Proof. Observe that y < —z if and only if y Az = 0. It follows that —(V(—y;)) is the
meet Ay; in ~—Q, giving the completeness. Also, x is complemented by —x in ~—Q
since

xV(—x)=—-uxV-oox=—a(-wAx) =-0=1.

Write @ for the composite frame morphism

N [1~ o, 1>,

xeP xXeP

and observe that the product [], =—P; is a complete Boolean algebra.

Lemma 2.37. The frame morphism ® is a monomorphism.

Proof. If x <y then —=—¢,(y) = 0 in P, implies that there is a relation
XVy S “(xVy) = x,

so that xVy = x in P, and hence y = x in P. Thus, if x <y and y # x then x and y
have distinct images @(x) < @(y) in [, 7P

Suppose that y and z are distinct elements of P. Then y £ yVzorz <yand z # y.
Then 0(y) # 0(y) Vo(z) or ©(z) < o(y) and ®(z) # ®(y). The assumption that
o(y) = o(z) contradicts both possibilities, so @(y) # ©(z). O

Corollary 2.38. Every frame P admits an imbedding i : P — B into a complete
Boolean algebra.

We have proved the following:

Theorem 2.39. Suppose that P is a frame. Then there is a complete Boolean algebra
B, and a topos morphism i : Shv(B) — Shv(P) such that the inverse image functor
i* : Shv(P) — Shv(B) is faithful.
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A geometric morphism i as in the statement of the Theorem is called a Boolean
cover of Shv(P).

Suppose that % is a (small) Grothendieck site. Write St(%) for the poset of all
finite strings
O Xy — - — X0

where T < ¢ if T extends o to the left in the sense that 7 is of the form
Y= = Ym4l =2 Xp = 0 = X0

There is a functor 7 : St(¢) — € which is defined by ©(c) = x, for o as above.
If R C hom( ,0) is a sieve of St(%), then mw(R) C hom( ,x,) is a sieve of €. In
effect, if 7 < o isin R and z — y is morphism of %, then the string

TeiZ =Yk — = Ymal = Xp —> ... X0

refines 7 and the relation 7, < T maps to z — y;.
Say that a sieve R C hom( , 6) is covering if 7(R) is a covering sieve of . Then
St(€) acquires the structure of a Grothendieck site.

Lemma 2.40. Suppose that F is a sheaf of sets on €. Then n*(F) = F - &t is a sheaf
on St(%).

The proof of this result is an exercise.
Lemma 2.41. The functor F — n*(F) is faithful.

Proof. For x € € let {x} denote the corresponding string of length 0. Then we
have n*F ({x}) = F(x). If sheaf morphisms f,g: F — G on ¢ induce maps f, g :
n*(F) — ©*(G) such that f, = g., then f, = g, : T*F({x}) —» 7#*G({x}) for all
X € €. This means, then, that f = g. O

Lemma 2.42. The functor n* preserves local epimorphisms and local monomor-
phisms of presheaves.

Proof. Suppose m : P — Q is a local monomorphism of presheaves on % . This
means that if m(o) = m(B) for a, B € P(x) there is a covering ¢; : y; — x such that
67 (@) = 07 (B) for all g

Suppose that ¢, 3 € 7*P(0) such that m,(a) = m.(B) in #*Q(0). Then ¢, B €
P(x,) and m(a) =m(f) € Q(x,). There is a covering ¢; : y; — x,, such that ¢ (o) =
¢ (B) for all ¢;. But then ¢, B map to the same element of

T P(y; = Xy — -+ = X0)

for all members of a cover of ©.
Suppose that p : P — Q is a local epimorphism of presheaves on €. Then for all
o € Q(x) there is a covering ¢; : y; — x such that ¢ (o) lifts to an element of P(y;)
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for all i. Given & € T°Q(0), o € Q(x,), and there is a cover @; : y; — x,, such that
o () lifts to P(y;). It follows that there is a cover of o such that the image of « in

7Oy — Xy — -+ = X0)

lifts to
TP(y; = Xy — -+ = X9)

for all members of the cover. O

Lemma 2.43. The functor
n* : Shv(€) — Shv(St(¥))
preserves all small colimits.

Proof. Suppose that A : I — Shv(%) is a small diagram of sheaves. Write ligiA for
the presheaf colimit, and let

1 :limA — L?(limA)

be the natural associated sheaf map. The map 1 is a local epimorphism and a local
monomorphism. The functor &* plainly preserves presheaf colimits, and there is a
diagram

w(limA) 0 7 (12l A)

1

3 * 2(1: *
ILIEEATL(IIEEA)

Then 7*(n) is a local epimorphism and a local monomorphism by Lemma 2.42. Tt
follows that the map

L2 (tim°A) - 7° (L (lim A))
is a local epimorphism and a local monomorphism of sheaves (use Lemma 2.40),
and is therefore an isomorphism. a

It is a consequence of the following result that any Grothendieck topos has a
localic cover (see also [52, IX.9]). The topos Shv(St(%)) is also called the Dia-
conescu cover of Shv(%).

Theorem 2.44 (Diaconescu). The right adjoint 7, : Pre(St(¢)) — Pre(%€) of pre-
composition with T restricts to a functor

7, : Shv(St(€)) — Shv(¥)

which is right adjoint to n*. The functors n* and &, determine a geometric mor-
phism
7 : Shv(St(¢)) — Shv(%).
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The functor ©* is faithful.
Proof. A covering sieve R C hom( ,x) in € determines an isomorphism of sheaves

li_n}Lzhom( ,y) 2= L hom( ,x).

y—x

The functor 7* preserves colimits of sheaves, and so 7, G is a sheaf if G is a sheaf.
The functor 7* plainly preserves finite limits, so that the functors 7* and 7, form a
geometric morphism. The last statement is Lemma 2.41. a

We have thus assembled a proof of Barr’s Theorem (Theorem 2.31), which can
be restated as follows:

Theorem 2.45. Suppose that € is a small Grothendieck site. Then there are geo-
metric morphisms

Shv(B) L Shv(St(¢)) % Shv(¥%)

such that the inverse image functors f* and ©n* are faithful, and such that B is a
complete Boolean algebra.






Chapter 3
Rigidity and the isomorphism conjecture

Suppose that & is an algebraically closed field and let £ be a prime which is distinct
from the characteristic of k.

We will be working with the big étale site (Schl).; over the field k throughout
this section. Note the abuse: one should write (Sch|gy () )er for this object.

We shall use the notation GI,, to represent either the algebraic group

Gl = Sp(k[Xijlaer)
over k, or the sheaf of groups
Gl, = hom( ,Gl,)

that it represents on the big site (Schly)er-

Observe that Gl is the multiplicative group G,,. One often sees the notation [t =
Gy, and py for its £-torsion part. Since the prime £ is distinct from the characteristic
of the algebraically closed field k, there is an isomorphism of sheaves

w=I"Z/0=1/L,

where I'*Z /¢ is the constant sheaf on the cyclic group Z/¢ and the displayed equal-
ity is again a standard abuse.

In general, the constant sheaf functor A — I'*(A) is left adjoint to the global
sections functor X — I, X, where

LX =X(k),
and there’s a geometric morphism
I : Shv((Sch|i)er) — Set.
This is a special case of a geometric morphism

I' : Shv(%) — Set

39
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which is defined for an arbitrary site €, where

LX = lim X(U),
YS7

defines the global sections functor for an arbitrary site €. This general version of
I specializes to the functor defined above for sheaves on (Schy),.; because this site
has a terminal object, namely Sp(k).

Remark 3.1. Tt is a special feature of étale sites (and some others) that
I'A(U) =hom(myU,A)

where my(U) is the set of connected components of the k-scheme U, since Sp(k) is
connected. In effect, the k-scheme | |, Sp(k) represents I'*A, and there is an easily
proved isomorphism

homy (U, |_| Sp(k)) = hom(myU,A).
A

Every k-scheme X represents a sheaf on (Sch|)., by the theorem of faithfully
flat descent — this result can be found in any of the étale cohomology textbooks,
such as [12],[53].

In particular, the sheaf of groups G, is defined on affine k-schemes Sp(R) (ie.
k-algebras R) by

Gly(Sp(R)) = Gln(R),

where the object on the right is the usual group of invertible n x n matrices with
entries in R. There is a standard way to recover the sheaf Gl on (Sch|y)e from the
matrix group description for affine schemes, by an equivalence

Shv((Schli)e:) ~ Shv((Aff ;) er)

where (Aff|;),; is the étale site of affine k-schemes.
The matrix group homomorphisms GI,(R) — Gl,+1(R) defined by

AO
A [O J

define a homomorphism Gl,, — Gl of sheaves of groups. The colimit presheaf

Gl =lim GI (3.1)
TII} n

has the traditional infinite general linear group GI(R) in affine sections.

One typically also writes G/ for the associated sheaf, so that there is a relation of
the form (3.1) in the category of sheaves of groups.

Sheaves of groups G have classifying simplicial sheaves BG, with
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given by the standard simplicial set construction in sections. The object BG is a
simplicial sheaf if G is a sheaf, because of the identification

BG,=Gx---xG

(n factors) and the fact that any product of sheaves is a sheaf.
The classifying space construction commutes with filtered colimits, so we are
entitled to a classifying simplicial sheaf (or presheaf) BGI with

BGl = lim BGl,.
n

In general, simplicial sheaves (or presheaves) X have cohomology groups and
homology sheaves.
The homology sheaves H,(X,A) are easier to define: form the presheaf of chain
complexes
Z(X)®A,

with
(Z(X)®A)(U) =Z(X(U)) ®A(U),

where Z(X (U)) is the standard Moore chain complex for the simplicial set X (U).
Then the homology sheaf H,(X,A) is the sheaf which is associated to the presheaf

H,(Z(X)®A).

Cohomology has a more interesting definition: the cohomology group H" (X ,A)
of the simplicial presheaf X with coefficients in the abelian presheaf A is defined by

H"(X,A) =[X,K(A,n)],

where the object on the right is morphisms in the local homotopy category of sim-
plicial presheaves on the étale site.

There is a model structure on simplicial presheaves (respectively, and Quillen
equivalently, simplicial sheaves) on the site (Sch|y)e, for which the weak equiva-
lences are those maps X — Y which induce weak equivalences of simplicial sets in
all stalks — I call these local weak equivalences , and for which the cofibrations
are the monomorphisms. This is a special case of a construction which holds for
arbitrary Grothendieck sites.

Example 3.2. The canonical map 1 : X — X from a simplicial presheaf to its asso-
ciated simplicial sheaf is a local weak equivalence.

The simplicial presheaf K(A,n) is the diagonal of the n-fold simplicial presheaf
B"(A), which is constructed by n iterated applications of the classifying space
functor B to all constitutent abelian groups. Equivalently, K(A,n) is the presheaf
I'(A[—n]), where I' is the Dold-Kan functor from chain complexes to simplicial
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abelian groups, and A[—n] is the presheaf of chain complexes which consists of a
copy of A concentrated in degree n.

If X is represented by a (simplicial) scheme having the same name, and A is a
sheaf of abelian groups, then H"(X,A) coincides up to isomorphism with the étale
cohomology group H.(X,A) of X, as it is normally defined.

In particular, if X is a k-scheme, and A — I* is an injective resolution of A in
sheaves of abelian groups, then there is an isomorphism

H'(X,A) = H"(I* (X)) = Ext"(Z(X),A).

The homotopy theoretic description of cohomology which is displayed above
generalizes the standard definition of étale cohomology groups of schemes to arbi-
trary simplicial presheaves.

There is a spectral sequence relating homology sheaves and cohomology groups,
with

EDY =Ext”(Hy(X),A) = H'™(X,A).

There is also an /-torsion version, with
ENY =Ext?(Hy(X,Z/0),A) = HP (X ,A) (3.2)

if A is an /-torsion sheaf.
It follows that if f: X — Y is a map of simplicial presheaves which induces
homology sheaf isomorphisms

f: Ba(X,2/0) = Bu(Y,Z/0), n 2 0,
then f induces isomorphisms
[ HN(Y,Z)0) S H (X, Z)0)
in étale cohomology groups for all n > 0.

Exercise 3.3. Show that if p : F — F’ is a local epimorphism of presheaves on
(Schli)er, then the induced map F (k) — F'(k) in global sections is surjective, since
k is an algebraically closed field.

It follows that the associated sheaf map 1 : F — F' induces a bijection F (k) =
F (k) in global sections.

It also follows that the global sections functor on Shv((Sch|;).) is exact on
abelian sheaves. In particular, there are isomorphisms

A(k) ifn=0,

Ha (k. 4) = {o ifn>0

More generally, the map A — I* of chain complexes defined by an injective res-
olution with I* is in negative degrees induces a natural isomorphism
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H"(X,A(k)) =2 H"(I'"X,A) 3.3)

for any simplicial set X and sheaf of abelian groups A.
The canonical map
€:I'"I.BGI — BGI

has the form
€:I'*BGI(k) — BGl

up to isomorphism, and the identification (3.3) implies that the induced map
e :H"(BGl,Z/t) — H"(I'*BGl(k),Z /)
can be written as
e :H!(BGL,Z/¢) — H"(BGIl(k),Z/{), 34

where the object on the right is a standard cohomology group of the simplicial set
BGl (k) with coefficients in the abelian group Z/¢.

The map (3.4) is a comparison map of étale with discrete cohomology for the
general linear group GI.

Much of local homotopy theory evolved from the enabling technology for the
proof of the following result:

Theorem 3.4. Suppose that k is an algebraically closed field, and that { is prime
which is distinct from the characteristic of k. Then the comparison map

e :H)(BGL,Z/t) — H"(BGI(k),Z/?)
is an isomorphism.
Remark 3.5. This theorem gives a calculation
H*(BGI(k),Z/t) = Z/L[c1,ca,...],

since standard results in étale cohomology theory imply that H},(BGl,Z/?) is a
polynomial ring in Chern classes c;, with deg(c;) = 2i.

Proof (Proof of Theorem 3.4). The idea is to show that the map € induces isomor-
phisms
H,(I'*BGI(k),Z/t) = H,(BGL,Z/{)
in all homology sheaves, and then invoke a comparison of spectral sequences (3.2).
The category Shv((Sch|i)e ) has a good theory of stalks, and it’s enough to com-

pare stalks at all closed points x € U of all k-schemes U (which are locally of finite
type over k). The map &, at the stalk for such a point x is the map

H,(BGl(k),Z/t) — H,(BGL(O), 7./ 1),
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where ﬁ;h is the strict Henselization of the local ring &) of U at x, and the indicated
map is induced by the k-algebra structure map k — ",

The Gabber Rigidity Theorem [19], [21] asserts that the residue field homomor-
phism 7 : 0" — k induces an isomorphism

7. - Hy(BGL(6®"),7./0) = H,(BGI(k),Z,/¢).

The Theorem follows.

The Gabber Rigidity Theorem is equivalent to a mod ¢ K-theory rigidity state-
ment, which asserts that the residue map induces isomorphisms

. K (O 2)0) = K. (k,Z)0)

As such, it is an essentially stable statement that very much depends on the existence
of the K-theory transfer, as well as the homotopy property for algebraic K-theory
(K. (A) 2 K, (A[t]) for regular rings A).

An axiomatic approach to rigidity has evolved in the intervening years, which
first appeared in [61], and achieved its modern form for torsion presheaves with
transfers satisfying the homotopy property in [62].

Theorem 3.4 implies that an inclusion of algebraically closed fields k — L of
characteristic away from ¢ induces an isomorphism

i*: H*(BGI(L),Z,/0) = H*(BGI(k),Z,/(), (3.5)

since there is an isomorphism of the corresponding étale cohomology rings by a
smooth base change argument. The map i* is an isomorphism if and only if the map

iy Ko (k,Z)0) = K. (L,Z)0)

is an isomorphism, by H-space tricks, so that Theorem 3.4 implies Suslin’s first
rigidity theorem [60].

The proof of Suslin’s second rigidity theorem, for local fields [63], uses Gabber
rigidity explicitly. One outcome of that result, that there are isomorphisms

Ka(C,Z/0) = 1, KU /¢

for n > 0, is also a consequence of Theorem 3.4.
The comparison map

" :H)(BGI,Z/t) — H"(BGI(k),Z/?)
is a special case of a natural comparison map
e H"(X,Z/t) — H"(X(k),Z/?)

which one can can construct for an arbitrary simplicial presheaf X on the big site
(Schli)er-
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There are versions of Theorem 3.4 for all of the classical infinite families of
algebraic groups. In particular, there are comparison isomorphisms

H(BSI,Z,/0) = H*(BSI(k),Z/0),
e*: H:(BSp,Z,/0) = H*(BSp(k),Z,/0),
H'(BO,Z/t) = H*(BO(k),Z/0),

for the infinite special linear, symplectic and orthogonal groups, respectively. The
special linear case follows from Theorem 3.4, by a fibre sequence argument. The
symplectic and orthogonal group statements follow from a rigidity statement for
Karoubi L-theory which is deduced from Gabber rigidity with a Karoubi peridicity
argument [48].

There is also a comparison map

H''.(BG,Z/{) — H"(BG(k),Z/!) (3.6)

for an arbitrary algebraic group G over k. Friedlander’s generalized isomorphism
conjecture asserts that this comparison map is an isomorphism if G is reductive.
One says “generalized” because the conjecture specializes to a conjecture of Milnor
when the underlying field is the complex numbers, in which case the étale cohomol-
ogy groups H"(BG,Z/¢) correspond with the ordinary singular cohomology groups
of the (simplicial analytic) classifying space BG(C).

The isomorphism conjecture holds when k = F,, is the algebraic closure of the
finite field I, with p # ¢ — this is a result of Friedlander and Mislin [17] which
depends strongly on the Lang isomorphism for algebraic groups defined over IF),.
The isomorphism conjecture is not known to hold, in general, for any other alge-
braically closed field. It is not even known to hold for any of the general linear
groups G, outside of a stable range in homology. See Kevin Knudson’s book [50]
for a description of the current state of the problem.

This conjecture is perhaps the most important unsolved classical problem of al-
gebraic K-theory. It was known since the 1970s that a calculation of the form

H*(BGL,(k),Z/0) 2 Z/{cy,... c4]
would imply the Lichtenbaum conjecture that
K.(k, /) = Z/1[B)

where 8 € K (k,Z/?) is the Bott element. Suslin proved this conjecture with the sta-
ble calculations of [60], [63] which were referred to above, but the unstable problem
remains open.
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Simplicial presheaves and simplicial
sheaves



These chapters give an introduction to the unstable homotopy theory of simplicial
presheaves and sheaves, localized theories and cocycles.



Chapter 4
Local weak equivalences

This chapter describes the first principles of local homotopy theory.

4.1 Local weak equivalences

Suppose that ¢ is a small Grothendieck site. The notations sPre(%¢’) and sShv(%)
denote the categories of simplicial presheaves and simplicial sheaves on ¢, respec-
tively.

Recall that a simplicial set map f : X — Y is a weak equivalence if and only if the
induced map |X| — |Y| is a weak equivalence of topological spaces in the classical
sense. This is equivalent to the assertion that all induced morphisms

a) mpX — myY, and
b) m,(X,x) = 7w, (Y, f(x)), x € Xo,n > 1

are bijections.
One could define 7,(X,x) = m,(]X|,x) in general. We also have an identification

ﬂ,,(X,X) = [(Snv *)7 (va)]

with pointed homotopy classes of maps, where S" = A" /dA" is the simplicial n-
sphere. Finally, if X is a Kan complex, then we have

T (X, x) = w((8", %), (X,x)) 4.1)

by the Milnor theorem (Theorem 1.19), where ((S",*), (X,x)) is pointed simplicial
homotopy classes of maps.
Write

X = | | m(X,x)
x€Xy

for a Kan complex X. Then the canonical function 7, X — X gives 7, X the structure
of a group object over Xy, which is abelian if n > 2.

49
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Then one verifies easily that a map f : X — Y of simplicial sets is a weak equiv-
alence if the following hold:

a) mpX — mpY is a bijection, and
b) all diagrams
T, X ——m,Y

Xo—1
are pullbacks for n > 1.

If X is a Kan complex, then the object 7,(X,x) can also be defined as a set by
setting
Tn (X, x) = o Fy (X)),

where F,(X), is defined by the pullback diagram

F,(X)x — hom(A" X)

l lf*

A0 ———hom(dA",X)

in which * is the Kan fibration between function spaces which is induced by the
inclusion i : dA™ C A™. Define the space F;,(X) by the pullback diagram

Fy(X) ——> hom(A", X) 4.2)

o

Xo ———> hom(dA" X)
o

where a(x) is the constant map dA” — A% % X at the vertex x. Then

F(X)= || Fa(X)s,

x€X)

so that
mFy(X) = | | mF(X)x= | | m(X,x)=mX.
x€Xy x€X
as object fibred over Xj.
It follows that if X and Y are Kan complexes, then f : X — Y is a weak equiva-
lence if and only if

a) the induced function myX — myY is a bijection, and
b) all diagrams
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mFy(X) —— myF,(Y)

L

Xo———Y)
are pullbacks for n > 1.

Kan’s Ex™ construction gives a natural combinatorial method of replacing a sim-
plicial set by a Kan complex up to weak equivalence.
The functor Ex : sSet — sSet is defined by

Ex(X), =hom(sdA" X).

sdA"™ = BNA", where NA" is the poset of non-degenerate simplices of A" (subsets
of {0,1,...,n}). Any ordinal number map 6 : m — n induces a functor NA™ —
NA", and hence induces a simplicial set map sdA™ — sd A”. Precomposition with
this map gives the simplicial structure map 6* of Ex(X). There is a last vertex func-
tor NA"™ — n, which is natural in ordinal numbers n; the collection of such functors
determines a natural simplicial set map

n: X — Ex(X).

Observe that Ex(X)o = Xo, and that 11 induces a bijection on vertices.
Iterating gives a simplicial set Ex*(X) which is defined by the assignment

Ex™(X) = ligEx"(X)7

and a natural map j : X — Ex*(X).
The salient features of the construction are the following (see [24, 1I1.4]):

1) the map 71 : X — Ex(X) is a weak equivalence,

2) the functor X — Ex(X) preserves Kan fibrations

3) the simplicial set Ex*(X) is a Kan complex, and the natural map j : X — Ex*(X)
is a weak equivalence.

It follows that a simplicial set map f : X — Y is a weak equivalence if and only if
the induced map f, : Ex*(X) — Ex*(Y) is a weak equivalence, so that f is a weak
equivalence if and only if

a) the function mpX — my(Y) is a bijection, and
b) the diagram

o F,(Ex*(X)) —— mpF,(Ex*(Y))

i |

Xo Y

is a pullback for n > 1.
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Observe that Xo = Ex™ Xp, and the set myF,,(Ex™ (X)) is a disjoint union of simplicial
homotopy groups 7,(Ex* X, x) for x € Xj.
We shall define the n'” homotopy group object m,X of a simplicial set X by
setting
X = myF,(Ex™ (X))

in all that follows.

The fundamental idea of local homotopy theory is that the topology of the under-
lying site ¥ should create weak equivalences.

It is relatively easy to see what the local weak equivalences should look like
for simplicial presheaves on a topological space: a map f : X — Y of simplicial
presheaves on op|r for a topological space T should be a local weak equivalence if
and only if it induces a weak equivalence of simplicial sets X, — Y, in stalks for all
x € T. In particular f should induce isomorphisms

”n(XXay) — nn(Y)ﬁf(y))

for all n > 1 and all choices of base point y € X, and x € T, as well as bijections

Xy — ToYy.
Recall that the stalk
Xy = IBE X(U)
xeU

is a filtered colimit, and so each base point y of X, comes from somewhere, namely
some z € X(U) for some U. The point z determines a global section of X|y, where
the restriction X |y is the composite

((op|7)/U)" = (op|7)?" 5 sSet.

The map f restricts to a simplicial presheaf map f|y : X|y — Y|y. Then one can
show that f is a weak equivalence in all stalks if and only if all induced maps

a) X — @Y, and
b) %,(X|v,2) = Zu(Y|y,f(z), foralln > 1,U € €, and z € Xo(U)
in associated sheaves.

This is equivalent to the following: the map f : X — Y of simplicial presheaves
on the topological space T is a local weak equivalence if and only if
a) X — 7Y is an isomorphism
b) the presheaf diagrams

T, X ——m,Y

|

Xo—=1

induce pullback diagrams of associated sheaves for n > 1.
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These last two descriptions generalize to equivalent sets of conditions for maps
of simplicial presheaves on an arbitrary site %, but the equivalence requires proof.
We begin with the following:

Definition 4.1. A map f: X — Y of sPre(%) is a local weak equivalence if and only
if
a) the map X — 7Y is an isomorphism of sheaves, and

b) the diagrams
T, X ——m,Y

|

Xo—=1
induce pullback diagrams of associated sheaves for n > 1.

Suppose that X is a presheaf and that x : * — Xj is a global section of Xy. Suppose
that X — Xj is a presheaf morphism, and define a presheaf X (x) by the pullback
diagram

X(x) ——

|
* ———> X
The restriction X |y of a presheaf X to the site ¢’/U is the composite
(€/U)P — 6P X, sSet.
Lemma 4.2. Suppose given a commutative diagram of presheaves

Z——W (4.3)

|

ZO‘}()WO

Then the induced diagram of associated sheaves is a pullback if and only if the maps
L2(Z]y)(x)) = LA(W|y) (£ (x))
are isomorphisms of sheaves for all x € Zo(U) and U € €.

Corollary 4.3. A map [ : X — Y of simplicial presheaves on € is a local weak
equivalence if and only if

1) the map TinX — 7Y is an isomorphism of sheaves, and
2) all induced maps 7%,(X|y,x) = %, (Y|u, f(x)) are isomorphisms of sheaves on
€/U foralln>1,allU € €, and all x € Xo(U).
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Proof (Proof of Lemma 4.2). Suppose that x € Zy(U) is a section of Zy and form the
pullback diagram

ZU,x4>Z

|

U*x>ZO

in presheaves, where U = hom( ,U) is the presheaf represented by U € %. Then
there is an isomorphism

lim  Zy . =Ny
U7,

which is natural in presheaves over Zy, and hence an isomorphism

1113 Zyﬁx i Z
U7,

in sheaves over Zy. The diagrams

ZU,xHZ

|

U—>2%

of associated sheaves are also pullbacks.
It follows that the diagram (4.3) induces a pullback diagram of sheaves if and
only if all sheaf maps
ZU,x — WU,f(x)

are isomorphisms.
Write r* for the left adjoint of the restriction functor X — X
and sheaves. There is a natural isomorphism of presheaves

U, for both presheaves

r'(X|y(x)) = X x,
and hence a natural isomorphism of sheaves
rL*(X|y(x) = Xy x. (4.4)

Restriction commutes with formation of the associated sheaf, and preserves pull-
backs. Thus, if the diagram of sheaves
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7——W
ZO?WO

is a pullback, then the diagram

L(Zly) —= L*(W|v)

L

L*(Zolu) 4f>L2(Wo\U)

is a pullback, and it follows that the map
L2(Z|y)(x)) = L2(W o) (£ (x)) (4.5)

is an isomorphism of sheaves.
If the map (4.5) is an isomorphism, then the map

ZU,x — WU,f(x)
is an isomorphism on account of the identification (4.4).
The following result gives a first example:

Lemma 4.4. Suppose that f : X — Y is a sectionwise weak equivalence in the sense
that all X(U) — Y (U) are weak equivalences of simplicial sets. Then f is a local
weak equivalence.

Proof. The map mpX — mpY is an isomorphism of presheaves, and all diagrams

T,X —m,Y

]

Xo—1
are pullbacks of presheaves. Apply the associated sheaf functor.

The Ex™ construction extends to a construction for simplicial presheaves, which
construction preserves and reflects local weak equivalences:

Lemma 4.5. A map f: X — Y of simplicial presheaves is a local weak equivalence
if and only if the induced map Ex™ X — Ex™Y is a local weak equivalence.

Proof. The natural simplicial set map j : X — Ex™ X consists, in part, of a natural
bijection
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Xo = Ex* X,

of vertices for all simplicial sets X, and the horizontal arrows in the natural pullback
diagrams
7w, X — m, Ex”X

.

Xo — Ex* Xy

are isomorphisms. It follows that the diagram
T,X — 1Y
X——1
is a pullback if and only if the diagram
T, ExX*X —— 7, Ex”Y
Xo——1
is a pullback.

Remark 4.6. The map j: X — Ex™ X is a sectionwise equivalence, and is therefore
a local weak equivalence by Lemma 4.4. We do not yet have a 2 out of 3 lemma for
local weak equivalences (CM2) so the trick in the proof of Lemma 4.5 is required
to show that the Ex™ functor preserves local weak equivalences. This situation is
repaired in Lemma 4.27 below.

4.2 Local fibrations

Suppose that i : K C L is a cofibration of finite simplicial sets and that f : X =Y isa
map of simplicial presheaves. We say that f has the local right lifting property with
respect to i if for every diagram

there is a covering sieve R C hom( ,U) such that the lift exists in the diagram
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forevery ¢ : V = U inR.

Remark 4.7. There is no requirement for consistency between the lifts along the
various members of the sieve R. Thus, if R is generated by a covering family ¢; :
Vi — U, we just require liftings

K— = X(U) e x(vy)

’i &

L——=Y(U) — =Y (V)

Exercise 4.8. 1) Suppose given simplicial presheaf maps
xLyz

such that f and g have the local right lifting property with respectto i: K C L.
Show that the composite g - f has the local right lifting property with respect to
the map i.

2) Suppose given a pullback diagram

ZXyX —X

| |

Z—>Y

such that f has the local right lifting property with respect to i : K C L. Show that
[+ has the local right lifting property with respect to i.

One summarizes by saying that the class of simplicial presheaf maps having the
local right lifting property with respect to i : K C L is closed under composition and
base change.

Write XX for the presheaf defined by the function complexes
xX(U) =hom(K,X(U))

Lemma 4.9. A map f : X — Y has the local right lifting property with respect to
i: K — L if and only if the simplicial presheaf map
(i*.f+)

Xk XK xyk vE
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is a local epimorphism in degree 0.
Proof. The proof is an exercise.

The condition on the map f : X — Y of Lemma 4.9 is the requirement that the
presheaf map

hom(L, X) “"% hom (K, X) X pom(x.yy hom(L, ¥ ) 4.6)

is a local epimorphism, where hom(K, X) is the presheaf which is specified in sec-

tions b
g hom(K,X)(U) = hom(K, X (U)),

or the simplicial set morphisms K — X (U).

Lemma 4.10. Suppose that f : X — Y is a map of simplicial sheaves on € which
has the local right lifting property with respect to an inclusion i : K C L of finite
simplicial sets, and suppose that p : Shv(2) — Shv(€) is a geometric morphism.
Then the induced map p* : p*X — p*Y has the local right lifting property with
respecttoi: K C L.

Proof. The identifications
p*hom(A",X) = p*X, 2 hom(A", p*X)

are natural in simplices A" and simplicial sheaves X, and therefore induce a natural
map
p*hom(K,X) — hom(K, p*X)

This map is an isomorphism for all simplicial sheaves X and all finite simplicial sets
K, since p* preserves finite limits.

The map (4.6) is a sheaf epimorphism, since f : X — Y has the local right lift-
ing property with respect to i. The inverse image functor p* preserves sheaf epi-
morphisms, so applying p* to the map (4.6) gives a sheaf epimorphism which is
isomorphic to the map

hom(L, p*X) M hom(K, p*X) X pom(k,p+y) hom(L, p*Y).
Lemma 4.11. A simplicial presheaf map [ : X — Y has the local right lifting prop-
erty with respect to an inclusion i : K C L of finite simplicial sets if and only if the
induced map f, : X — Y of associated simplicial sheaves has the local right lifting
property with respect to i.

Proof. The presheaf map (4.6) is a local epimorphism if and only if the induced
map
hom(L,X) — hom(K,X) X hom(K,7) hom(L,Y)

of associated sheaves is a local epimorphism (ie. an epimorphism of sheaves), by
Lemma 2.16. Recall that the associated sheaf functor is the inverse image functor
for a geometric morphism — see Example 2.25.



4.2 Local fibrations 59

Definition 4.12. A local fibration is a map which has the local right lifting property
with respect to all inclusions A;' C A" of horns in simplices. A simplicial presheaf
X is locally fibrant if the map X — * is a local fibration.

Example 4.13. Every sectionwise fibration is a local fibration.

Corollary 4.14. 1) Suppose that p : Shv(Z) — Shv(%) is a geometric morphism.
Then the inverse image functor p* preserves local fibrations.
2) The associated sheaf functor preserves and reflects local fibrations.

Say that a map p : X — Y which has the local right lifting property with respect
to all dA™ C A" is a local trivial fibration. Such a map is also called a hypercover
. This is the natural generalization, to simplicial presheaves, of the concept of a
hypercover of a scheme for the étale topology which was introduced by Artin and
Mazur [3].

Suppose that X is a simplicial sheaf. Then the map X — * is a hypercover (or
local trivial fibration) if the maps

Xo — *,
hom(A",X) — hom(dA",X), n > 1,

.7
are sheaf epimorphisms. There is a standard definition
cosk,; (X), = hom(sk,, A", X)
and sk,,_; A" = dA", so that the second map of (4.7) can be written as
X, — cosk,—1(X)p,

which is the way that it is displayed in [3].

Example 4.15. Every map which is a sectionwise fibration and a sectionwise weak
equivalence is a local trivial fibration.

Corollary 4.16. 1) Suppose that p : Shv(2) — Shv(%) is a geometric morphism.
Then the inverse image functor p* preserves local trivial fibrations.
2) The associated sheaf functor preserves and reflects local trivial fibrations.

Corollary 4.17. The maps v : X — LX and 1 : X — L>X are local trivial fibrations.

Proof. Both maps induce isomorphisms of associated simplicial sheaves, and every
isomorphism is plainly a local trivial fibration.

Example 4.18. Suppose that f : X — Y is a function. There is a groupoid C(f) whose
objects are the elements x of X, and whose morphisms are the pairs (x,x2) such that
f(x1) = f(x2). The set of path components

mC(f) = mBC(f)
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of the groupoid (and of its associated nerve) is isomorphic to the image f(X) of f,
and there is a trivial Kan fibration BC(f) — f(X) which is natural in functions f.
Note that the nerve BC(f) of the groupoid C(f) and constant simplicial set f(X)
are both Kan complexes.

It follows that if f: X — Y is a map of presheaves, then there is a sectionwise
trivial fibration BC(f) — f(X), where B(C(f))(U) is the nerve of the groupoid
associated to the function f : X(U) — Y (U). If the map f is a local epimorphism,
then the inclusion f(X) C Y induces an isomorphism of associated sheaves, and is
therefore a local trivial fibration of constant simplicial presheaves. The groupoid
C(f) is the Cech groupoid for the map f.

It follows that the canonical map BC(f) — Y is a local trivial fibration if the
presheaf map f is a local epimorphism.

Write C(U) = BC(U) for the copy of BC(r) associated to the presheaf map 7 :
U — *, where * is the terminal object. If ¢ is a local epimorphism, then the map
C(U) — « is a local trivial fibration (and therefore a hypercover). This is the Cech
resolution of the terminal object which is associated to the covering U — *.

1) If € is the site op |7 of open subsets of a topological space T, and Uy C T is an
open cover, then the subspaces Uy represent sheaves having the same names, and
the map U = LgUy — * is a sheaf epimorphism. The n-fold product U*" has the
form

U= || UxN-NUg,

(0 5. +,0)

and so the simplicial sheaf C (U) is represented by a simplicial space, which is the
classical Cech resolution associated to the covering Uy C T'.

2) If ¥ is the étale site et|; of a field k, and L/k is a finite Galois extension with Ga-
lois group G, then the scheme homomorphism Sp(L) — Sp(k) represents a covering
Sp(L) — # on et|;. There is a canonical sheaf isomorphism

G x Sp(L) = Sp(L) x Sp(L)

by elementary Galois theory, and the sheaf of groupoids underlying C(Sp(L)) is iso-
morphic to the translation groupoid E¢ Sp(L) for the action of G on Sp(L). It follows
that the Cech resolution C(L) := C(Sp(L)) is isomorphic in simplicial sheaves to the
Borel construction EG x ; Sp(L) for the action of the Galois group G on Sp(L).

Such an observation holds, more generally, for all principal bundles (torsors) in
sheaf categories. This will be discussed in much more detail in Chapter 8.

Lemma 4.19. Suppose that X and Y are presheaves of Kan complexes. Then a map
p:X — Y isalocal fibration and a local weak equivalence if and only if p is a local
trivial fibration.

It will be shown (Theorem 4.32) that an arbitrary map p : X — Y of simplicial
presheaves is a local weak equivalence and a local fibration if and only if it is a local
trivial fibration.
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Example 4.20. If f : X — Y is a local epimorphism of presheaves, then the local
trivial BC(f) — Y of Example 4.18 is a local weak equivalence. In particular, every
Cech resolution C(U) — * associated to a covering U — x is a local weak equiva-
lence.

Proof (Proof of Lemma 4.19). Suppose that p is a local fibration and a local weak
equivalence, and that we have a commutative diagram

A" —=X(U) (4.8)

b

Al — Y(U)

of simplicial set maps. The idea is to show that this diagram is locally homotopic to
diagrams
aAr ——X(V)
l 7
AV — Y(V

for which the lift exists. This means that there are homotopies

A" x Al —=X(V)

|

A" x Al ——=Y(V)

from the diagrams

IA" —= X(U) 2= X(V)

l ’
AT ——Y(U) 7>Y(V)
to the corresponding diagrams above for all ¢ : V — U in a covering for U. If such

local homotopies exist, then solutions to the lifting problems

(A" x AU (A" x {0}) —= X (V)

|

A" Al ———————Y (V)

have local solutions for each V, and so the original lifting problem is solved on a
refined covering of U.
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The required local homotopies are created by arguments similar to the proof of
the corresponding result in the simplicial set case [24, 1.7.10]. Here are the steps in
the construction:

a) The diagram (4.8) is homotopic to a diagram

gan 2w ) (4.9)

b

Al — > Y(U)

for some choice of base point x € X(U), since X and Y are presheaves of Kan
complexes.

b) The element [o] € 7,1 (X (U),x) vanishes locally in X since its image vanishes
inm,_;(Y(U), p(x)), so that the diagram (4.9) is locally homotopic to a diagram

AT —E= X (V) (4.10)

|

A=Y (V)

¢) The element [B] € m, (Y (V), p(x)) lifts locally to X, and so the diagram (4.10) is
locally homotopic to a diagram

IA" ——= X (W)

b

"n——Y (W
AT (W)

for which the indicated lifting exists.

For the converse, show that the induced presheaf maps

mX — mpY,
7(X|y,x) = m(Y |y, p(x))

are local epimorphisms and local monomorphisms — use presheaves of simplicial
homotopy groups for this.

Lemma 4.21. Suppose that a simplicial presheaf map f : X — Y is a local trivial
fibration. Then f is a local fibration and a local weak equivalence.

Proof. The local fibration part of the claim is easy, since the map f has the right
lifting property with respect to all inclusions of finite simplicial sets.
The induced map
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fEx(X) = Ex(Y)

has the local right lifting property with respect to all JA™ C A", since f has the local
right lifting property with respect to all sddA”™ — sd A™. It follows that the map

fEx™(X) = Ex™(Y)

has the local right lifting property with respect to all A" C A" and is a map of
presheaves of Kan complexes. Finish by using Lemma 4.9 and Lemma 4.19.

Corollary 4.22. The maps v : X — LX and 1 : X — L*X are local fibrations and
local weak equivalences.

Proof. This is a consequence of Corollary 4.17 and Lemma 4.21.

Corollary 4.23. 1) Amap f : X — Y of simplicial presheaves is a local weak equiv-
alence if and only if the induced map f. : LX — LY is a local weak equivalence.

2) Amap f: X — Y of simplicial presheaves is a local weak equivalence if and only
if the induced map f. : X — Y of associated sheaves is a local weak equivalence.

3) Amap f: X —Y of simplicial presheaves is a local weak equivalence if and only
if the induced map f, : L*Ex™X — L>Ex>Y is a local weak equivalence.

Proof. For statement 1), the map 1 : X — LX is a local weak equivalence, so that
the induced diagram of sheaves

T, X —— W, LX

L

XOHB/(O

is a pullback. The map Xy — LX is an isomorphism, so that both horizontal arrows
in the diagram are isomorphisms of sheaves. Finish with the argument for Lemma
4.5.

For statement 2), recall that X = L2X, and use statement 1). Statement 3) is an
easy consequence of statement 2) and Lemma 4.9.

4.3 First applications of Boolean localization

The local weak equivalence and local fibration concepts for simplicial presheaves
have very special interpretations for simplicial sheaves on a complete Boolean alge-
bra.

Lemma 4.24. Suppose that B is a complete Boolean algebra.

1) Amap p: X — Y of simplicial sheaves on 2 is a local (respectively local trivial)
fibration if and only if all maps p : X(b) — Y (b) are Kan fibrations (respectively
trivial Kan fibrations) for all b € 2.
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2) A map f:X — Y of locally fibrant simplicial sheaves on % is a local weak
equivalence if and only if all maps f : X(b) — Y (b) are weak equivalences of
simplicial sets for all b € A.

Proof. The induced map
XA 5 YA x aun X4

is a sheaf epimorphism in degree O if and only if it is a sectionwise epimorphism
in degree 0, since Shv (%) satisfies the Axiom of Choice (Lemma 2.30). The local
fibration statement is similar.

For part 2), suppose that f is a local weak equivalence. The map f has a factor-
ization

X —L>x %, v

O

Y

where p is a sectionwise Kan fibration and j is right inverse to a sectionwise trivial

Kan fibration — this is by a standard construction, but see Section 5.1 below. All

objects in the diagram are sheaves of Kan complexes. The map p is a local weak

equivalence and a local fibration, and is therefore a sectionwise weak equivalence

by Lemma 4.19 and part 1). It follows that f is a sectionwise weak equivalence.
The converse follows from Lemma 4.4.

Lemma 4.25. Suppose that the geometric morphism
p : Shv(#) — Shv(¥)

is a Boolean localization. A map f : X — Y of simplicial sheaves on € is a local
trivial fibration (respectively local fibration) if and only if the induced map

pPfipX—=pY

is a sectionwise trivial Kan fibration (respectively sectionwise Kan fibration) in
sShv(%).

Proof. The simplicial sheaf map
XA 5 XA 5 oun YA
is a sheaf epimorphism in degree zero if and only if the induced map
XA p*xaA" X peyaat YA
is a sheaf epimorphism in degree 0, by Lemma 2.26. Now use Lemma 4.24.

Proposition 4.26. Suppose that the geometric morphism
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p : Shv(#) — Shv(¥)

is a Boolean localization, and that f : X — Y is a map of sPre(€). Then f is a local
weak equivalence if and only if the induced map

fi:p'X = p'Y
is a local weak equivalence of sShv(2).

Proof. Suppose, first of all, that X and Y are presheaves of Kan complexes. Then f
is a weak equivalence if and only if the following conditions are satisfied:

a) the induced map X — 7Y of sheaves of path components is an isomorphism
2) the diagram
FoFy(X) —— fpFy(Y) “4.11)

L

X——0
a pullback diagram of sheaves, for all n > 1.
Recall that the canonical map mF,(X) — Xo is defined by applying the path com-
ponent functor to the map F,,(X) — Xy in the pullback diagram

F,(X) —— hom(A",X)

| |

Xo —hom(9A", X)

where i* is the sectionwise functor which is defined by precomposition with the
inclusion i : A" C A™.

These constructions commute with inverse image (and sheafification) up to nat-
ural isomorphism. It follows that the diagram (4.11) is isomorphic with the diagram

ﬁan(X ) —— ﬁan(Y) 4.12)
X——m%

and that the inverse image of diagram (4.12) under p* is isomorphic with the dia-
gram

FoF(p*X) — RioF,(p*Y) (4.13)

| |

pXo———p'T
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The objects p*X and p*Y are sheaves of Kan complexes, and so the map p*X —
p*Y is a local weak equivalence if and only if the map & p*X — #yp*Y is a sheaf
isomorphism and all diagrams (4.13) are pullbacks. But this is true if and only if the
map %X — 7Y is a sheaf isomorphism on %’ and all diagrams (4.12) are pullbacks,
since p* preserves and reflects pullbacks. It follows that f : X — Y is a local weak
equivalence of presheaves of Kan complexes on ¢ if and only if the map p*X — p*¥
is a local (hence sectionwise) weak equivalence on 4.

In general, we know that f : X — Y is a local weak equivalence of simplicial
presheaves if and only if the map Ex®”X — Ex™ is a local weak equivalence. We
also know that this is true if and only if the map

pL*Ex”X — p*L>Ex”Y

is a local weak equivalence of simplicial sheaves on Z. By exactness of p* and the
associated sheaf functor L2, there is a natural isomorphism

P L’Ex”X 2 L*Ex” p*X

for simplicial presheaves X. It follows that f : X — Y is a local weak equivalence of
simplicial sheaves on % if and only if f, : p*X — p*Y is a local weak equivalence
of simplicial sheaves on 2.

We can now give a proof of the Quillen’s axiom CMI1 for local weak equiva-
lences.

Lemma 4.27. Suppose given a commutative diagram of simplicial presheaf maps

f

X ——

N

Zz

4.14)

on a Grothendieck site €. If any two of f,g or h are local weak equivalences then
so is the third.

Proof. Suppose that p : Shv(%) — Shv(%’) is a Boolean localization. Then a sim-
plicial presheaf map f : X — Y is a local weak equivalence if and only if the induced
map

fo: p'L*EX®X — p*L>Ex™Y

is a sectionwise equivalence of sheaves of Kan complexes on Z. Apply the functor
p*L*>Ex™ to the triangle (4.14) to prove the result.

It is a consequence of Proposition 1.23 that the category Pre(%’) of simplicial
presheaves on % has a projective model structure, for which the fibrations and weak
equivalences are defined sectionwise, and the cofibrations are specified by a left
lifting property. Recall that a projective cofibration is a map which has the left lifting
property with respect to all sectionwise trivial fibrations.
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Observe that the natural map j : X — Ex™ X is a sectionwise fibrant model for a
simplicial presheaf X, in the sense that j is a sectionwise weak equivalence and the
simplicial presheaf Ex™ X is sectionwise fibrant. Every map of simplicial presheaves
f:X — Y can be replaced up to sectionwise weak equivalence by a map of section-
wise fibrant objects, in the sense that there is a commutative diagram

f

X—Y

zi lg

X' —=Y

f

where the vertical maps are sectionwise equivalences (even trivial projective cofi-
brations) and f” : X’ — Y’ is a map between sectionwise fibrant simplicial presheaves
(or presheaves of Kan complexes). On account of Lemma 4.27 (and Lemma 4.4),
the map f is a local weak equivalence if and only if the map f' : X’ — Y’ of sec-
tionwise fibrant models is a local weak equivalence, and this is so if and only if the
induced map
foopX = pY

is a sectionwise equivalence of sheaves of Kan complexes for some Boolean lo-
calization p : Shv(#) — Shv(%), by Proposition 4.26, Lemma 4.24 and Corollary
4.14.

Say that a simplicial presheaf map i : A — B is a cofibration if it is a monomor-
phism in all sections. It follows from the proof of Proposition 1.23 that every pro-
jective cofibration is a cofibration.

Lemma 4.28. Suppose given a pushout diagram

A—%sc (4.15)

B——D

of simplicial sheaves on a complete Boolean algebra 9 such that i is a cofibration
and a local weak equivalence. Then the map i, is a cofibration and a local weak
equivalence.

Proof. Form a diagram
B - A _* . C

]

B <A ——=(
i o

in which the vertical maps are sectionwise weak equivalences, i’ is a cofibration,
and the objects A’, B’ and C’ are sectionwise fibrant, and form the pushout
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A%

B/ > D/

all in the simplicial presheaf category on 4. The induced map D — D’ is a sec-
tionwise weak equivalence by properness of the projective model structure, and it
follows that i, is a local weak equivalence if and only if 7, is a local weak equiva-
lence.

Sheafifying gives a pushout diagram of simplicial sheaves

i—c

| ]

B—>D

which is locally equivalent to the original, and for which 7 is a cofibration. We can
therefore assume that the objects A, B and C in the diagram (4.15) are locally fibrant.

The map i : A — B is a sectionwise weak equivalence, by Lemma 4.24. Section-
wise trivial cofibrations are closed under pushout in the simplicial presheaf category,
and since D is the associated sheaf of the presheaf pushout, the map i, : C — D must
then be a local weak equivalence by Lemma 4.27.

Corollary 4.29. Suppose given a pushout diagram

A——=C

B——D

of simplicial presheaves on a Grothendieck site €, and suppose that i is a cofibration
and a local weak equivalence. Then the map i, is a local weak equivalence.

Proof. Suppose that p : Shv(#) — Shv(%) is a Boolean localization. The functor
p*L? preserves cofibrations and pushouts, and preserves and reflects local weak
equivalences.

The map p*A — p*B induced by i is a local weak equivalence and a cofibration,
so the map p*C — p*D induced by i, is a local weak equivalence by Lemma 4.28.
It follows from Proposition 4.26 that i, is a local weak equivalence.

Lemma 4.30. 1) Suppose given a pushout diagram

f
A
|
B

—_

S

—_—
e
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in simplicial presheaves on € such that i is a cofibration and f is a local weak
equivalence. Then the map f is a local weak equivalence.
2) Suppose given a pullback diagram

I

in sPre(€) such that p is a local fibration and g is a local weak equivalence.
Then the map g. is a local weak equivalence.

8x
_—

R
8

N<—X
=

Proof. Suppose that p : Shv(#) — Shv(%) is a Boolean localization. Since the
inverse image functor p* reflects local weak equivalences of simplicial sheaves by
Proposition 4.26, it suffices (by Corollary 4.22) to assume that the diagrams in state-
ments 1) and 2) are diagrams of simplicial sheaves on Z.

The proof of statement 1) then uses the method of proof of Lemma 4.28: we can
assume that the simplicial sheaves A, B and C are locally fibrant up to local weak
equivalence, so that f is a sectionwise equivalence. It follows that f; is a sectionwise
weak equivalence.

For the proof of statement 2), we can assume that the simplicial sheaves Z, Y and
X are locally fibrant, by a sectionwise fibrant replacement argument at the presheaf
level. Then g is a sectionwise weak equivalence and p is a sectionwise fibration, both
by Lemma 4.24, so that the map g. is a sectionwise weak equivalence by properness
of the projective model structure for simplicial presheaves.

Lemma 4.31. Suppose that P is a complete Boolean algebra. Suppose that p : X —
Y is a map of simplicial sheaves on 98 such that p is a sectionwise Kan fibration
and a local weak equivalence. Then p is a sectionwise trivial fibration.

Proof. The functor X — L>Ex™X preserves sectionwise Kan fibrations and pre-
serves pullbacks. Also the sectionwise fibration p : X — Y is local weak equiva-
lence if and only if the induced map p, : L>’Ex®X — L>Ex™Y is a sectionwise
weak equivalence. It follows that the family of all maps of simplicial sheaves on %
which are simultaneously sectionwise Kan fibrations and local weak equivalences
is closed under pullback.

Suppose given a diagram

OA™ *a>X(b)

The simplex A" contracts onto the vertex 0; write i : A" X Al — A" for the con-
tracting homotopy. Let /' : A" x A' — X (b) be a choice of lifting in the diagram
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o

A" —2 = X(b)

T

n |
JA" x Al — - Y (b)

Then the original diagram is homotopic to a diagram of the form

!/

9A" —2> X (b)

A" ——=Y(b)
wherex: A" — Y (b) is constant at the vertex x € Y (b). Consider the induced diagram

oA" —— (LpA? xy X) (D)

A" > L,A%(b)

where L, is the left adjoint of the b-sections functor X — X (b) in sheaves. The
object L, A" is the sheaf associated to a diagram of points and is therefore locally
fibrant, and is thus a sheaf of Kan complexes. The map p, : L,A? xy X — L,A is
a local fibration and a local weak equivalence between sheaves of Kan complexes
and is therefore a sectionwise trivial fibration by Lemma 4.24, so the indicated lift
exists.

Generally, if U is an object of a Grothendieck site &, then the left adjoint Ly of
the U-sections functor X — X (U) can be defined for simplicial sets K by

Ly(K) = K xhom(,U).

It is an exercise to show that Ly preserves cofibrations, takes weak equivalences
(respectively fibrations) to sectionwise weak equivalences (respectively sectionwise
fibrations).

The following result is now a corollary of Lemma 4.31:

Theorem 4.32. A map q : X — Y of simplicial presheaves on € is a local weak
equivalence and a local fibration if and only if it has the local right lifting property
with respect to all dA™ C A",n > 0.

To paraphrase, this result says that a map is a local fibration and a local weak equiv-
alence if and only if it is a local trivial fibration.

Proof. If g has the local right lifting property with respect to all dA” C A" then
it is a local fibration and a local weak equivalence, by Lemma 4.21. We prove the
converse statement here.
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Suppose that p : Shv(%) — Shv(%) is a Boolean localization. Then p*L%q is a
local weak equivalence and a local fibration, and is therefore a sectionwise trivial
fibration by Lemma 4.31. The functor p*L? reflects local epimorphisms, so that the
map

n n n
XA 5 ¥A" X oun XA

is a local epimorphism in degree 0.






Chapter 5
Model structures

5.1 The injective model structure

We begin by reviewing the classical fibration replacement construction from simpli-
cial homotopy theory.
Suppose that f: X — Y is a map of Kan complexes, and form the diagram

XXYYILYILY

T

X—Y

in which the square is a pullback. Then dy is a trivial fibration since Y is a Kan
complex, so dy, is a trivial fibration. The section s of dy (and d;) induces a section
sy of dps, and

(dfi)s« =di(sf) = f
Finally, there is a pullback diagram

fe
X xy Y ——y!
(dO*sdlf*)\L \L(dodl)

X XY ——Y XY
fx1

and the projection map prg : X XY — Y is a fibration since X is a Kan complex, so
that prg(dos,di fi) = d\ f« is a fibration.
Write Zr = X Xy Y I and 7y = dy f+. Then we have functorial replacement

73
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* d*
X sz, Doy 5.1
Vs
Xl
Y

of f by a fibration 7, where dy, is a trivial fibration such that dy.s, = 1.
The same argument can be repeated exactly within the theory of local fibrations,
giving the following:

Lemma 5.1. Suppose that f : X — Y is a map between locally fibrant simplicial
presheaves.

1) The map f has a natural factorization (5.1) for which w is a local fibration, d.
is a local trivial fibration, and dy.s« = 1x.

2) The map f is a local weak equivalence if and only if the map 7 in the factorization
(5.1) is a local trivial fibration.

The second statement of the Lemma follows from Theorem 4.32.
Suppose again that f : X — Y is a simplicial set map, and form the diagram

X — S ExX

Y ——Ex™Y
J

in which the front face is a pullback. Then 7y is a fibration, and 6 is a weak equiv-
alence since j, is a weak equivalence by properness of the model structure for sim-
plicial sets.

The construction taking a map f to the factorization

0y .
X—=Z (5.2)
T
\ |
Y
also has the following properties:

a) it is natural in f
b) it preserves filtered colimits in f
¢) if X and Y are a-bounded where o is some infinite cardinal, then so is Zy

Say that a simplicial set X is a-bounded if |X,| < o for all n > 0, or in other
words if o is an upper bound for the cardinality of all sets of simplices of X. A
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simplicial presheaf ¥ is a-bounded if all of the simplicial sets Y (U), U € €, are
a-bounded.
This construction (5.2) carries over to simplicial presheaves, giving a natural

factorization
0y .
X —>7; (5.3)

x im«

Y

of a simplicial presheaf map f : X — Y such that 6, is a sectionwise weak equiv-
alence and 7y is a sectionwise fibration. Here are some further properties of this
factorization:

a) it preserves filtered colimits in f

b) if X and Y are a-bounded where « is some infinite cardinal, then so is 7 f

¢) fis alocal weak equivalence if and only if 77 has the local right lifting property
with respect to all A" C A",

Statement c) is a consequence of Theorem 4.32.

Suppose that € is a Grothendieck site, and recall that we assume that such a
category is small. Suppose that ¢ is an infinite cardinal such that a > |Mor(%)|.
Choose another infinite cardinal A > 2%,

The following result is a bounded cofibration lemma.

Lemma 5.2. Suppose that i : X — Y is a cofibration and a local weak equivalence
of sPre(€). Suppose that A C Y is an o-bounded subobject of Y. Then there is an
a-bounded subobject B of Y such that A C B and such that the map BNX — Bisa
local weak equivalence.

Proof. Write mg : Zp — B for the natural pointwise Kan fibration replacement for
the cofibration BN X — B. The map 7y : Zy — Y has the local right lifting property
with respect to all dA”™ C A",

Supppose given a lifting problem

IA" —Z»(U)

A" — A(U)

where A is a-bounded. The lifting problem can be solved locally over Y along some
covering sieve for U having at most & elements. Zy = li_n>1‘ B\<ocZB since Y is a
filtered colimit of its a-bounded subobjects. It follows that there is an a-bounded
subobject A’ C Y with A C A’ such that the original lifting problem can be solved
over A’. The list of all such lifting problems is o-bounded, so there is an o-bounded
subobject By C Y with A C Bj so that all lifting problems as above over A can be
solved locally over B;. Repeat this procedure countably many times to produce an
ascending family
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A=ByCBi CBC...

of a-bounded subobjects of Y such that all lifting local lifting problems

aA” e ZB,‘ (U)

|

A" _— B,(U)

over B; can be solved over B;1. Set B = U;B;.

Say that a map p: X — Y of sPre(%) is an injective fibration if p has the right
lifting property with respect to all maps A — B which are cofibrations and local
weak equivalences.

Remark 5.3. Injective fibrations are also called global fibrations in the literature,
for example in [32]. This use of this name originated in early work of Brown and
Gersten [10], but has declined with the introduction of the various model structures
associated with motivic homotopy theory. The point of the term “injective fibration”
is that the behaviour of an injective fibrant object is roughly analogous to that of an
injective object in an abelian category.

Say that a map A — B of simplicial presheaves is an o-bounded cofibration if
it is a cofibration and the object B is a-bounded. It follows that A is a-bounded as
well.

In this section, a trivial cofibration is a map of simplicial presheaves which is
a cofibration and a local weak equivalence. This is standard terminology within
model structures, and is consistent with the injective model structure which appears
in Theorem 5.8 below. Similarly, a trivial fibration is a map which is an injective
fibration and a local weak equivalence.

Lemma 5.4. The map p : X — Y is an injective fibration if and only if it has the
right lifting property with respect to all a.-bounded trivial cofibrations.

Proof. Suppose that p : X — Y has the right lifting property with respect to all -
bounded trivial cofibrations, and suppose given a diagram

A—X
B——Y

where i is a trivial cofibration. Consider the poset of partial lifts
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in which the maps A — A’ — B are trivial cofibrations. This poset is non-empty:
givenx € B(U) —A(U) there is an o-bounded subcomplex C C B with x € C(U) (let
C be the image of the map Ly A" — B which is adjoint to the simplex x: A" — B(U)),
and there is an o-bounded subcomplex C' C B withC c C' and i, : C'NA = C' a
trivial cofibration. Then x € C' UA, and there is a diagram

C'NnA A /X
C——CUA P

|

B—Y

where the indicated lift exists because p has the right lifting property with respect
to the a-bounded trivial cofibration i,. The map A — C’' UA is a trivial cofibration
by Corollary 4.29.

The poset of partial lifts has maximal elements by Zorn’s Lemma, and the maxi-
mal elements of the poset must have the form

I/t

"<<—><

Recall that one defines
LyK =hom(,U) xK

for U € ¢ and simplicial sets K, and that the functor K — Ly K is left adjoint to the
U-sections functor X — X (U).

Lemma 5.5. Suppose that q : Z — W has the right lifting property with respect to
all cofibrations. Then q is an injective fibration and a local weak equivalence.

Proof. The map ¢ is obviously an injective fibration, and it has the right lift-
ing property with respect to all cofibrations LydA”™ — LyA”, so that all maps
q:Z(U) — W(U) are trivial Kan fibrations. It follows that g is a local weak equiv-
alence.

Lemma 5.6. A map q : Z — W has the right lifting property with respect to all
cofibrations if and only if it has the right lifting property with respect to all o-
bounded cofibrations.

Proof. The proof of this result is an exercise.

Lemma 5.7. Any simplicial presheaf map f : X — Y has factorizations
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where

1) the map i is a cofibration and a local weak equivalence, and p is an injective
fibration,

2) the map j is a cofibration and p has the right lifting property with respect to all
cofibrations (and is therefore an injective fibration and a local weak equivalence)

Proof. For the first factorization, choose a cardinal A > 2% and do a transfinite small
object argument of size A to solve all lifting problems

A—X

1)

B——Y

arising from locally trivial cofibrations i which are ¢-bounded. We need to know
that locally trivial cofibrations are closed under pushout, but this is proved in Corol-
lary 4.29. The small object argument stops on account of the condition on the size
of the cardinal A.

The second factorization is similar, and uses Lemma 5.6.

The main results of this section say that the categories of simplicial presheaves
and simplicial sheaves on a Grothendieck site admit well behaved model structures
which are Quillen equivalent.

Theorem 5.8. Suppose that € is a small Grothendieck site. Then the category
sPre(€), with local weak equivalences, cofibrations and injective fibrations, satis-
fies the axioms for a proper closed simplicial model category. This model structure
is cofibrantly generated.

Proof. The simplicial presheaf category sPre(%’) has all small limits and colimits,
giving CM1. The weak equivalence axiom CM2 was proved in Lemma 4.27 with a
Boolean localization argument. The retract axiom CM3 is trivial to verify — use the
pullback description of local weak equivalences to see the weak equivalence part.
The factorization axiom CMS is Lemma 5.7.

Suppose that 7 : X — Y is an injective fibration and a local weak equivalence.
Then by the proof of Lemma 5.7, 7 has a factorization
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x—L-w
A
n
Y

where p has the right lifting property with respect to all cofibrations and is therefore
a local weak equivalence. Then j is a local weak equivalence, and so 7 is a retract of
p. Thus 7 has the right lifting property with respect to all cofibrations, giving CM4.
The simplicial model structure comes from the function complex hom(X,Y),
with
hom(X,Y), = homgpe4) (X x A",Y).

One shows that if i : A — B is a cofibration of simplicial presheaves and j: K — L
is a cofibration of simplicial sets, then the induced map

(BXxK)U(AXL)—BxL

is a cofibration which is a local weak equivalence if either i is a local weak equiva-
lence of simplicial presheaves or j is a weak equivalence of simplicial sets.

The properness of the model structure follows from Lemma 4.30.

It is a consequence of the proof of the model axioms that a generating set / for the
class of trivial cofibrations is given by the set of all a-bounded trivial cofibrations,
while the set J of o.-bounded cofibrations generates the class of cofibrations.

Write sShv(%’) for the category of simplicial sheaves on . Say that a map f :
X — Y is a local weak equivalence of simplicial sheaves if it is a local weak equiv-
alence of simplicial presheaves. A cofibration of simplicial sheaves is a monomor-
phism, and an injective fibration is a map which has the right lifting property with
respect to all trivial cofibrations.

Theorem 5.9. Let € be a small Grothendieck site.

1) The category sShv(%€) with local weak equivalences, cofibrations and injective
fibrations, satisfies the axioms for a proper closed simplicial model category.
This model structure is cofibrantly generated.

2) The inclusion i of sheaves in presheaves and the associated sheaf functor L?
together induce a Quillen equivalence

L*: sPre(%¢) < sShv(%) : .

Proof. The associated sheaf functor L> preserves and reflects local weak equiva-
lences. The inclusion functor i preserves injective fibrations and L? preserves cofi-
brations. The associated sheaf map 1 : X — L*X is a local weak equivalence, while
the counit of the adjunction is an isomorphism. Thus, we have statement 2) if we
can prove statement 1).

The axiom CM1 follows from completeness and cocompleteness for the sheaf
category sShv(%’). The axioms CM2, CM3 and CM4 follow from the correspond-
ing statements for simplicial presheaves.
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A map p: X — Y is an injective fibration (respectively trivial injective fibration)
of sShv(%) if and only if it is an injective fibration (respectively trivial injective
fibration) of sPre(%).

Thus, a simplicial sheaf map p is an injective fibration if and only if it has the
right lifting property with respect to all inclusions A C B of ¢-bounded subobjects
of sShv(%) which are local weak equivalences (recall that the cardinal « is bigger
than |Mor(%)|), and it is a trivial injective fibration if and only if it has the right
lifting property with respect to all o-bounded cofibrations of sShv(%).

The factorization axiom CMS is then proved by transfinite small object argu-
ments of size A where 4 > 2%.

The simplicial model structure is inherited from simplicial presheaves, as is
properness.

The injective model structure for simplicial sheaves, which is part 1) of Theo-
rem 5.9, first appeared in a letter of Joyal to Grothendieck [46], while the origi-
nal demonstration of the injective model structure for simplicial presheaves can be
found in [32].

Example 5.10. The category sPre(%’) of simplicial presheaves is also the category
of simplicial sheaves for the “chaotic” Grothendieck topology on € whose covering
sieves are the representable functors hom( ,U), U € ¥ (Example 2.9). The injec-
tive model structures, for simplicial presheaves or simplicial sheaves, specialize to
the injective model structure for diagrams of simplicial sets. The injective model
structure for diagrams is the good setting for describing homotopy inverse limits —
see [24, VIIL.2]. The existence of this model structure is usually attributed to Heller
[26], but it is also a consequence of Joyal’s work [46].

5.2 Fibrations and descent

Injective fibrant simplicial presheaves are usually a bit mysterious, but here is a first
simple example:

Lemma 5.11. Suppose that F is a sheaf of sets on €. Then the associated constant
simplicial sheaf K(F,0) is injective fibrant.

The object K(F,0) has n-simplices

K(F,0), =F,
and all simplicial structure maps are the identity on F'.
Proof. There is a natural bijection

hom(X,K(F,0)) = hom(7(X),F)
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for all simplicial presheaves X and sheaves X. Any local weak equivalence f: X —Y

~

induces an isomorphims 7y(X) = 74y (Y ), and so f induces a bijection
f* +hom(Y,K(F,0)) = hom(X,K(F,0)).

Thus all lifting problems
X —— K(F,0)

7
i
¥

Many of the applications of local homotopy theory are based on the sectionwise
properties of injective fibrations and injective fibrant objects.

have unique solutions.

Lemma 5.12. 1) Every injective fibration p : X — Y is a sectionwise Kan fibration.

2) Every trivial injective fibration is a sectionwise trivial Kan fibration.

Proof. An injective fibration p : X — Y has the right lifting property with respect to
the trivial cofibrations Ly A" — Ly A", If p is a trivial injective fibration then it has
the right lifting property with respect to the cofibrations Ly dA™ — Ly A™.

Corollary 5.13. Suppose that the map f : X — Y is a local weak equivalence, and
that X and Y are injective fibrant simplicial presheaves. Then f is a sectionwise
weak equivalence.

Proof. The objects X and Y are presheaves of Kan complexes by Lemma 5.12, and
are therefore locally fibrant. According to Lemma 5.1, the map f has a factorization

X—s7z

Ny

Y

where 7 is a local fibration and s, is a section of a local trivial fibration. The map
7 is a local trivial fibration by Theorem 4.32. It follows from Lemma 5.12 that the
maps s, and 7 are both sectionwise weak equivalences.

An injective fibrant model of a simplicial presheaf X is a local weak equivalence
J : X — Z such that Z is injective fibrant.

A simplicial presheaf X on a site % is said to satisfy descent (or has the de-
scent property) if some injective fibrant model j : X — Z is a sectionwise weak
equivalence in the sense that the simplicial set maps j: X(U) — Z(U) are weak
equivalences for all objects U of €.

All injective fibrant objects Z satisfy descent, since any injective fibrant model
Z — 7' is alocal weak equivalence between injective fibrant objects, and is therefore
a sectionwise weak equivalence by Corollary 5.13.
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Corollary 5.14. Suppose that X satisfies descent, and suppose that f : X — W is a
local weak equivalence such that W is injective fibrant. Then the map f is a section-
wise weak equivalence

In other words, a simplicial presheaf X satisfies descent if and only if all injective
fibrant models X — Z are sectionwise weak equivalences.

Proof. Suppose that the injective fibrant model j: X — Z is a sectionwise weak
equivalence. We can suppose that the map j is a cofibration by a factorization ar-
gument and Corollary 5.13. Let i : ZUx W — W’ be an injective fibrant model for
the pushout Z Uy W. Then by left properness of the injective model structure for
simplicial presheaves, all maps in the resulting commutative diagram

7

HW

ll

>W/

are local weak equivalences, and the objects Z, W and W' are injective fibrant. It
follows that the map f is a sectionwise weak equivalence.

This homotopical form of descent is a primary theme in local homotopy theory.
All “descent theorems” assert that simplicial presheaves or presheaves of spectra of
interest satisfy a descent condition of some form.

Here is a further consequence of the proof of Corollary 5.14:

Corollary 5.15. Any two injective fibrant models of a simplicial presheaf X are sec-
tionwise weakly equivalent.

Local fibrations are also very useful in practice.
Lemma 5.16. Suppose given a pullback diagram

ZxyX —=X (5.4)

|k

Z—>Y

in which the map 7 is a local fibration of simplicial presheaves. Then the diagram
is homotopy cartesian for the injective model structure on the category sPre(%).

Proof. We use a Boolean localization argument.

The functor X — L? Ex™ X preserves local weak equivalences by Lemma 4.5 and
Corollary 4.17, and it is an exercise to show that it preserves local fibrations. We can
therefore assume that the pullback diagram is in the category of simplicial sheaves
and that all objects are locally fibrant.

Use Theorem 5.9 to find a factorization



5.2 Fibrations and descent 83

in the category of simplicial sheaves, where ¢ is an injective fibration and j is a
cofibration and a local weak equivalence. Then we have to show that the induced
map j, : ZxyX —Z xyW is alocal weak equivalence. The map ¢ is a local fibration
by Lemma 5.12.

Boolean localizations preserve and reflect local weak equivalences (Proposition
4.26) and take local local fibrations to sectionwise Kan fibrations (Lemma 4.24). It
therefore suffices to assume that all objects are members of a Boolean topos, but in
that case the map j, is a weak equivalence of Kan complexes in each section, again
by Lemma 4.24.

Corollary 5.17. Suppose that f : X — Y is a local weak equivalence of simplicial
presheaves and that A is a simplicial presheaf. Then the map

fx1:XxXA—=YxA

is a local weak equivalence.

Proof. The functor X — Ex* X takes values in locally fibrant simplicial presheaves
and preserves products, so it suffices to assume that the objects X, ¥ and A are
locally fibrant. In that case the projection pr:Y x A — Y is a local fibration, and the
diagram

fx1
XXA——=Y XA

! |-

X———>Y

!

is homotopy cartesian for the injective model structure by Lemma 5.12. It follows
that the map f x 1 is a local weak equivalence.

The following result is an immediate consequence.

Corollary 5.18. Suppose thati: A — B and j : C — D are cofibrations of simplicial
presheaves. Then the induced cofibration

(BXxC)U(AXxD)—BxD
is a local weak equivalence if either i or j is a local weak equivalence.

If U is an object of the Grothendieck site %', recall that the category %’ /U of
inherits a topology for which a collection of morphisms V; — V — U is covering for
the object V. — U if and only if the morphisms V; — V cover the object V of €.

If F is a presheaf on &, write F |y for the composite



84 5 Model structures
op
(€ /UYL= (€)P L Set,

where g : € /U — % is the canonical functor which takes an object V. — U to V.
The presheaf F|y is the restriction of F to % /U, and is a sheaf if F is a sheaf.
If ¢ : U — U’ is a morphism of &, then the diagram of functors

“u
0. \%

/

¢/’

commutes, and so a morphism E|;» — F|yr restricts to a morphism E|y — F|y by
composition with ¢.. Thus, there is a presheaf Hom(E, F) on € with

Hom(E, F)(U) = hom(E|y, F|y).

The presheaf Hom(E, F) is a sheaf if E and F are sheaves. Observe that a map
E|y — F|y can be identified with a presheaf map E x U — F, where U identified
notationally with the representable presheaf U = hom( ,U). We can therefore write

Hom(E,F)(U) =hom(E x U, F) (5.5)

for all objects U of €.
The description of (5.5) implies that there is an adjunction isomorphism

hom(A,Hom(E,F)) =~ hom(A X E, F) (5.6)

for all presheaves A, since every presheaf is a colimit of representables.

If X and Y are simplicial presheaves on %, then the internal function complex
Hom(X,Y) is the simplicial presheaf whose U-sections are defined in terms of the
function complex on %’ /U by the assignment

Hom(X,Y)(U) =hom(X x U,Y).
There is an exponential law , meaning an isomorphism
hom(A,Hom(X,Y)) = hom(X x A,Y)

which is natural in simplicial presheaves A, X and Y. This is a consequence of the
identifications

hom(U x A", Hom(X,Y)) = Hom(X,Y)(U), = hom(X x U x A",Y),

and the fact that every simplicial presheaf A is a colimit of objects U x A”.
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The statement of Corollary 5.18 amounts to the existence of an enriched sim-
plicial model structure on the category sPre(%’). The following is an equivalent
formulation:

Corollary 5.19. Suppose that p : X — Y is an injective fibration and thati: A — B
is a cofibration of simplicial presheaves. Then the induced map of simplicial
presheaves

Hom(B,X) — Hom(A,X) Xgom(4,y) Hom(A,X)

is an injective fibration which is a local weak equivalence if either i or p is a local
weak equivalence.

5.3 Geometric and site morphisms

Suppose that 7 : Shv(%) — Shv(2) is a geometric morphism. Then the inverse
image and direct image functors for 7 induce adjoint functors

n*:sShv(2) = sShv(%) : m,
between the respective categories of simplicial sheaves.

Lemma 5.20. Suppose that © : Shv(%) — Shv(9) is a geometric morphism. Then
the inverse image functor

7" :sShv(2) — sShv(%)
preserves cofibrations and local weak equivalences.

Proof. The functor m* is exact, and therefore preserves cofibrations since every
monomorphism is an equalizer (Lemma 2.14).

The functor 7* also commutes with the sheaf theoretic Ex-functor, up to natural
isomorphism. It therefore suffices to show that * preserves local weak equivalences
between locally fibrant objects. If g : X — Y is a local weak equivalence between
locally fibrant simplicial sheaves, then g has a factorization

x>z

BN

Y

such that p is a local trivial fibration and the map j is a section of a local trivial fibra-
tion, by Lemma 5.1. The inverse image functor ©* preserves local trivial fibrations,
by exactness, so that 7%(g) is a local weak equivalence of sShv(%).

Corollary 5.21. Suppose that  : Shv(€¢) — Shv(2) is a geometric morphism.
Then the adjoint functors



86 5 Model structures
n* :sShv(2) S sShv(%) : m,

form a Quillen adjunction for the injective model structures on the respective cate-
gories of simplicial sheaves. In particular if X is an injective fibrant simplicial sheaf
on €, then its inverse image m, X is injective fibrant.

Lemma 5.22. Suppose that the functor f : € — 2 is a site morphism. Then the
inverse image functor

P : sPre(€) — sPre(2)
preserves cofibrations and local weak equivalences.

Proof. The proof is similar to that of Lemma 5.20. Every monomorphism of
sPre(€) is an equalizer and f” preserves equalizers, so that f” preserves monomor-
phisms. The functor f” commutes with Kan’s Ex™ functor up to natural isomor-
phism, by exactness, and preserves local epimorphisms since the functor f* pre-
serves epimorphisms (use Lemma 2.16). It follows that f? preserves local trivial
fibrations. Finish by using the factorization of Lemma 5.1.

Corollary 5.23. Suppose that the functor f : € — 9 is a site morphism. Then the
adjoint functors
P sPre(¥¢) = sPre(2) : f.

form a Quillen adjunction for the respective injective model structures. In particular,
the functor f, preserves injective fibrant objects.

The assertion that the direct image functor f, preserves injective fibrant objects first
appeared in [33], with essentially the same proof.

The forgetful functor q : € /U — % is defined on objects by

This functor is continuous for the topology on %’ /U which is inherited from the
site &, but it is not necessarily a site morphism. We nevertheless have the following
useful result:

Lemma 5.24. Suppose that € is a Grothendieck site and that U is an object of €.
Then the functor
q" : sPre(¢/U) — sPre(%)

preserves cofibrations and local weak equivalences.

Proof. The functor ¢” is defined, for a simplicial presheaf X on €’ /U, by

gX)V)= ] X(¢9)

o:VoU

for V € €. This functor plainly preserves cofibrations.
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Suppose that p : X — Y is a locally trivial fibration on %’/U and that there is a
commutative diagram
OA" —g"X (V)

A" ——=gPY (V)
The A™ is connected for all n > 0, so that there is a factorization of this diagram

in¢

JdA" X((b) |—|¢IV~>UX(¢)
A" Y(9) P~ Up:v—u Y(9)

for some map ¢ : V — U, where iny is the inclusion of the summand corresponding
to the map ¢. There is a covering

Vi—V

BN,

U

of ¢ such that the liftings exist in the diagrams

A" X(9) 7X(¢i)

l I

A" - Y(¢) Y (9:)

It follows that the liftings exist in the diagrams

IAT —— qu<V) —_— qu(Vi)

AR SR qPY (V) —= g’Y (V)

after refinement along the covering V; — V.

The functor g” therefore preserves local trivial fibrations. It also commutes up
to isomorphism with the Ex™ functor. It follows from Lemma 5.1 that g” preserves
local weak equivalences.

Corollary 5.25. Suppose that € is a Grothendieck site, U is an object of € and that
q:% /U — F is the forgetful functor. Then the adjoint functors
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q? : sPre(¢/U) < sPre(€) : q.

define a Quillen adjunction for the respective injective model structures. In particu-
lar, the restriction functor
X—q.(X)=Xy

preserves injective fibrant objects.

The presheaf-level restriction functor
g« : Pre(€¢) — Pre(¢/U)

is exact (preserves limits and colimits) and preserves local epimorphisms. It follows
that the functor
g« : sPre(¢) — sPre(¢’/U)

commutes with the Ex™ functor up to natural isomorphism and preserves local fi-
brations and local trivial fibrations. In particular, the restriction functor g, preserves
local weak equivalences, by Lemma 5.1. We also have the following:

Lemma 5.26. A map f : X — Y is a local fibration (respectively local trivial fibra-
tion, respectively local weak equivalence) if and only if the restrictions f|y : X |y —
Y|y are local fibrations (respectively local trivial fibrations, respectively local weak
equivalences) for all objects U € €.

Proof. A map F — G of presheaves on % is a local epimorphism if and only if the
restrictions F |y — G|y are local epimorphisms on ¢’/U for all U € €. The claims
about local fibrations and local trivial fibrations follow immediately. One proves the
claim about local weak equivalences with another appeal to Lemma 5.1.

Example 5.27. The ideas of this section occur frequently in examples.

Suppose that f : T — S is a morphism of schemes which is locally of finite type.
Then f occurs as an object of the big étale site (Sch|s).,. Pullback along the scheme
homomorphism f determines a site morphism

i (Sch|s)er — (Sch|T)er

One can identify the site (Sch|r). with the slice category (Schl|s)e/f, and the
presheaf-level inverse image functor

P :Pre((Sch|s)er) — Pre((Sch|r)er)

(ie. the left adjoint of composition with the pullback functor) is isomorphic to the re-
striction functor which is induced by composition with f. It follows from Corollary
5.25 that the functor

17 ¢ sPre((Schls)e) — sPre((Schlr)e)

preserves injective fibrations. This functor also preserves local weak equivalences
since it is an inverse image functor for a site morphism.
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The inclusion i : et|r C (Sch|r)e of the étale site in the big étale site is a site
morphism for each S-scheme T. Restriction to et|r is exact and preserves local
epimorphisms for presheaves on (Sch|r)., and it therefore preserves local weak
equivalences. This restriction functor also preserves injective fibrations, by Corol-
lary 5.23.

It follows that composite restriction functors

sPre((Sch|s)er 7, sPre((Sch|r)er LN sPre((et|r))

preserve local weak equivalences and injective fibrations for all S-schemes f: T —
S.

These functors are exact and commute with the Ex™ construction. Taken together,
these functors reflect local epimorphisms. Thus a simplicial presheaf map X — Y
on the big étale site for S is a local weak equivalence if and only if the induced map
. fP(X) — i, fP(Y) is a local weak equivalence on the ordinary étale site et|r for
each S-scheme f: T — S.

The foregoing is only a paradigm. Similar arguments and results are available
for the flat, Zariski and Nisnevich topologies (for example), and for variations of
the big site such as the smooth site. These results are very useful for cohomology
calculations.

We close this section with a general result (Proposition 5.28) about simplicial
objects S in a site ¢’; this result is effectively a non-abelian version of a cohomology
isomorphism that will occur in Chapter 7. In colloquial terms, this result asserts that
cohomological invariants for such an object S can be computed either in simplicial
presheaves on %, or in simplicial presheaves on a site %’/S which is fibred over
S. The latter is the usual setting for the classical approach to the cohomology of
simplicial schemes [16]. Proposition 5.28 is proved by using a descent argument.

Suppose that S is a simplicial object in the site €. The site €'/S fibred over S has
for objects all morphisms U — S,,, and for morphisms all commutative diagrams

I

Sm

le

(5.7)

P<—3a

|

where 0% is a simplicial structure map. The covering families of the site % are the

families
U; U

i

—_—

=

where the family U; — U is covering for U in %'.
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There is a simplicial object 1s in %’/Y, with n-simplices given by the identity
1:S8, — S,, and with the diagrams

6*
Sn I Sm

SnHSm

0*

as structure maps. This simplicial object represents a simplicial presheaf on € /S,
which will also be denoted by 1.

There is a functor ¢ : € /S — % which takes the morphism (5.7) to the morphism
¢ : U — V of ¥. Composition with ¢ defines a restriction functor

g« : sPre(¢) — sPre(¢'/S),

and we write
Xl|s = q:(X)

for simplicial presheaves X on % .
There are obvious inclusions j, : €'/S, — € /S which induce restriction functors

Jnx : sPre(¢'/S) — sPre(€/Sy)

by precomposition. The composite

C/S, /s L ¢

is an instance of the forgetful functor /S, — € (see Lemma 5.24). We shall denote
this composite functor by g,,.
Precomposition with j, defines a restriction functor

Jnx - sPre(€'/S) — sPre(€'/Sy).
The restriction functor j,, has a left adjoint
jP : sPre(¢'/S,) — sPre(€/S)
which is defined for a simplicial presheaf X by
p ¢ _ ¢ 6*
WHX)U = Sw) = |_| XU = S — Sp).
ni)m

This functor j} preserves cofibrations. The functors ji and j,. both commute with
the Ex™ functor and preserve local trivial fibrations, and therefore both preserve
local weak equivalences. It follows in particular that j,, preserves injective fibrant
models.
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We also conclude that a map f : X — Y of simplicial presheaves on /S is a
local weak equivalence if and only if the restrictions j,. f : ju.X — ju.Y are local
weak equivalences on €' /S, for all n.

Proposition 5.28. Suppose that S is a simplicial object in a site € and that Z is
an injective fibrant simplicial presheaf on €. Choose an injective fibrant model
J:Z|s — W on €/S. Then there is a weak equivalence

hom(S,Z) = hom(x,W).

This weak equivalence is natural in the map j: Z|s — W.

Proof. There is an isomorphism
1s(U — Sp) =A™

of simplicial sets. It follows that the map 1g — * is a sectionwise weak equivalence
on%/S.
The restricted object Z|g satisfies descent. In effect, the restricted map

Jx: ]n*(Z|S) — ]n*(W)

is a local weak equivalence of simplicial presheaves on €’/S, for all n > 0. The
restriction ju«(Z|s) = g+ (Z) is injective fibrant on €/S, for all n > 0 by Lemma
5.24 and the discussion above. Local weak equivalences of injective fibrant objects
are sectionwise weak equivalences, and it follows that the maps

Zls(¢) = W(9)

are weak equivalences of simplicial sets for all objects ¢ : U — S, of €/S.
It follows that the maps
Zls(1s,) = W(ls,)

are weak equivlences for all n > 0. There is an isomorphism
Zls(1s,) = Z(Sn)

of cosimplicial spaces. It follows from Lemma 5.29 below that there is a weak equiv-
alence

holim, Z|s(1s,) ~ hom(S, Z).

There are also weak equivalences

holim , Z|s(1s,) = holim , W (1s,) ~hom(1s,W) <= hom(x, W)
since W is injective fibrant on €’ /S and the map 1g — * is a local weak equivalence.

Lemma 5.29. Suppose that the simplicial presheaf S is represented by a simplicial
object in the site €, and suppose that Z is an injective fibrant simplicial presheaf.
Then there is a weak equivalence
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hom(S,Z) ~ holim, Z(S,).
Proof. Let Z(S) be the cosimplicial space with
2" = 2(5,)

forn > 0.
There is a natural bijection

hom(A,Z(S)) Zhom(A®S,Z)

relating morphisms of cosimplicial spaces to morphisms of simplicial presheaves.
Here, A ® S is a coend in the sense that it is described by the coequalizer

|| A"xS,=[|A"xS, —»A®S

6:m—n n

in simplicial presheaves. Observe that the simplicial presheaf S also is a coend, in
that there is a coequalizer

|| A"xS, =] ]A"xS, =S,

6:m—n n

so that there is an isomorphism S =2 A ® S.
A cosimplicial space map A x A" — Z(S) therefore corresponds uniquely to a
simplicial presheaf map

SXA"2(ARS)x A" = Z,
and it follows that there is a natural isomorphism
TotZ(S) = hom(S,Z).

The degenerate part DS, of the presheaf S, is a subobject of S, and is defined by
a coequalizer

|_| Sn72 = |_| Snfl i> DSm

i<j i
where the map s is induced by the degeneracy s; : S,,—; — S, on the summand cor-
responding to i. The cofibration DS, C S, induces a Kan fibration

Z(S)" = hom(S,,Z) — hom(DS,,Z) = M" ' Z(5)

since Z is injective fibrant. The cosimplicial space Z(S) is therefore Bousfield-Kan
fibrant [8, X.4.6], and so the canonical map

Tot Z(S) — holim,, Z(S,)

is a weak equivalence of simplicial sets [8, X1.4.4].
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Remark 5.30. The homotopy inverse limit for a cosimplicial space X can be defined
by
olim, X = 1<Ln Z,
n
where j: X — Z is an injective fibrant model for X in the category of cosimplicial
spaces. Every injective fibrant cosimplicial space is Bousfield-Kan fibrant. Thus, if
X is also Bousfield-Kan fibrant then the map j induces a weak equivalence

Tot X = Tot Z =hom(A,Z).

The map A — * is a weak equivalence of cosimplicial spaces and Z is injective
fibrant, and so there is a weak equivalence

lim Z = hom(%,Z) = hom(A,Z).
n

5.4 Cocycles

Let . be a closed model category such that

1) . is right proper in the sense that weak equivalences pull back to weak equiva-
lences along fibrations, and

2) the class of weak equivalences is closed under finite products: if f: X — Y isa
weak equivalence, soisanymap f X 1 : X XZ =Y xZ

Examples include all of the model structures on simplicial presheaves and sim-
plicial sheaves that we’ve seen so far, where the weak equivalences are local weak
equivalences. In effect, these model structures are proper (Theorem 5.8, Theorem
5.9), and weak equivalences are closed under finite products by Lemma 5.17.

Suppose that X,Y are objects of .#, and write h(X,Y) for the category whose
objects are all pairs of maps (f,g)

xdLzsy

1R

where f is a weak equivalence. A morphism

v:(f.8) = (f.8)

of h(X,Y) is amap y: Z — Z' which makes the diagram

f Z g
X/ Y\Y
Z/ 14

12

14
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commute. The category h(X,Y) is the category of cocycles, or cocycle category,
from X to Y. The objects of h(X,Y) are called cocycles.

Example 5.31. Suppose that a presheaf map U — * is a local epimorphism, and
recall from Example 4.18 that the canonical simplicial presheaf map

C(U) = BC(U) — *

is a local weak equivalence (in fact, it’s a local trivial fibration). The object C(U) is
the Cech resolution associated to the covering U — .

Given a covering U — * and a (pre)sheaf of groups G, a normalized cocycle on
U with values in G is, precisely, either a morphism C(U) — G of presheaves of
groupoids or a simplicial presheaf map BC(U) — BG. Such a map defines a cocycle

* < BC(U) — BG

in the sense described above. Normalized cocycles are the original examples of the
cocycles described here.

Write moh(X,Y) for the path components of the category A(X,Y). There is a
function
¢ :mh(X,Y) = [X,Y]

which is defined by the assignment (f,g) — g- f~ ..

Lemma 5.32. Suppose that y: X — X' and @ : Y — Y’ are weak equivalences. Then
the function
(v, @) : Toh(X,Y) — moh(X',Y)

is a bijection.

Proof. An object (f,g) of h(X',Y') is amap (f,g) : Z — X' x Y’ such that f is a
weak equivalence. There is a factorization

z—l—>w

\L(thpy/)
X' xY'

(f.8)

such that j is a trivial cofibration and (py, py+) is a fibration. The map py- is a weak
equivalence. Form the pullback

W, (Yx )« W

(P;‘(ap)*/)i \L(l’x/ »Py/)

XxY —=X'xY’
X @
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Then the map (py, py) is a fibration and (y x ). is a local weak equivalence since
Y X @ is a weak equivalence, by right properness. The map py is also a weak equiv-
alence.

The assignment (f,g) — (py, p}) defines a function

moh(X',Y') — moh(X,Y)
which is inverse to (7, ®).
Lemma 5.33. Suppose thatY is fibrant and X is cofibrant. Then the canonical func-
tion
¢ :mh(X,Y) = [X,Y]
is a bijection.

Proof. The function n(X,Y) — [X,Y] relating homotopy classes of maps X — Y
to morphisms in the homotopy category is a bijection since X is cofibrant and Y is
fibrant.

If f,g: X — Y are homotopic, there is a diagram

AN

N

where £ is the homotopy. Thus, sending f : X — Y to the class of (lx, f) defines a
function

—>®<—><

v:r(X,Y)— mh(X,Y)
and there is a diagram

T(X,Y) — > moh(X,Y)

t

X,Y]

IR

It suffices to show that v is surjective, or that any object X L 75 visinthe path

. 1o, k
component of some a pair X <— X — Y for some map k.
The weak equivalence f has a factorization

z—1>v
p

N

X
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where j is a trivial cofibration and p is a trivial fibration. The object Y is fibrant, so
the dotted arrow 0 exists in the diagram

/f/ T \
\ J/j -7 Y

v ‘o
Since X is cofibrant, the trivial fibration p has a section ¢, and so there is a commu-
tative diagram

LN
XVP\‘J; oY

Then the composite 60 is the required map k.

Theorem 5.34. Suppose that the model category M is right proper and has weak
equivalences closed under finite products. Suppose that X, Y are objects of # . Then
the canonical function

¢ mh(X,Y) = [X,Y]
is a bijection.

Proof. There are weak equivalences 7 : X’ — X and j: Y — Y’ such that X’ and Y’
are cofibrant and fibrant, respectively, and there is a commutative diagram

Toh(X,Y) —— [X,Y]

(Lj)*lr\‘ Ni/x

Toh(X,Y") — = [X,Y"]

(ﬂ,l)*T%’ Ein*

noh(X’,Y’)%[X’,Y/]

The functions (1, j). and (7, 1), are bijections by Lemma 5.32, and the bottom map
¢ is a bijection by Lemma 5.33.

Remark 5.35. Cocycle categories have appeared before, in the context of Dwyer-
Kan hammock localizations [14], [13]. One of the main results of the theory, which
holds for arbitrary model categories .#, says roughly that the nerve Bh(X,Y) is a
model for the function space of maps from X to Y if Y is fibrant. This result implies
Theorem 5.34 if the target object Y is fibrant. On the other hand, we will see below
that the most powerful applications of Theorem 5.34 involve target objects ¥ which
are not fibrant in general.

The statement of Theorem 5.34 must be interpreted with some care because the
cocycle category #(X,Y) may not be small. The Theorem says that two cocycles
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are in the same path component in the sense that they are connected by a finite
string of morphisms of A(X,Y) if and only if they represent the same morphism in
the homotopy category, and that every morphism in the homotopy category can be
represented by a cocycle. Similar care is required for the interpretation of Lemma
5.32 and Lemma 5.33 in general.

For simplicial presheaves (and simplicial sheaves), we have the following:

Proposition 5.36. Suppose that a simplicial presheaf X is o.-bounded, where o is
an infinite cardinal such that o > |Mor(€)|, where € is the underlying small site.
Let h(X,Y)q be the full subcategory of h(X,Y) on those cocycles

X<—U—Y
such that U is o.-bounded . Then the induced function
moh(X,Y)q — mh(X,Y)
is a bijection.

Observe that the category (X,Y ) in the statement of Proposition 5.36 is small.
The proof of this result uses the following technical lemmas:

Lemma 5.37. Suppose that i : A — B is a cofibration such that A is o-bounded.
Then there is an o-bounded subobject C C B with A C B such that all presheaf
maps 7.C — T.B are monomorphisms.

Proof. The simplicial presheaf Ex™ B is a filtered colimit of simplicial presheaves
Ex* D, where D varies through the a-bounded subcomplexes of B. Any commuta-
tive diagram

gant — s B A )

| |

At —— ~ Ex*B(U)

therefore factors through Ex* D(U ), where D is an a-bounded subobject of B. Such
lifting problems are indexed on simplices ¥ of A which represent homotopy group
elements, so there is an o-bounded subcomplex A1 C B such that all diagrams as
above factor through A;. Repeat this process inductively to produce a string of in-
clusions

A=AgCAI CAC...

of o bounded subcomplexes of B. Then the subcomplex C = J;A; is a-bounded,
and the presheaf maps 7.C(U) — m,.B(U) are monomorphisms.

Lemma 5.38. Suppose given a diagram
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xSy
P
z

of simplicial presheaf maps such that h is a local weak equivalence and the induced
maps fi : &, Y — &,Z are monomorphisms of sheaves for n > 0. Then the map f is
a local weak equivalence.

Proof. The analogous claim for morphisms of Kan complexes is true. In that case,
we can suppose that f is a Kan fibration, and then we show that f has the right
lifting property with respect to all inclusions dA” C A",

In general, we can assume that X, Y and Z are locally fibrant simplicial sheaves
and that f is a local fibration. Take a Boolean localization p : Shv(#) — Shv(%),
and observe that the induced diagram

p* X 8 p* Y
RN
Pz
of simplicial sheaf maps on % is a map of diagrams of Kan complexes which satis-

fies the conditions of the Lemma in all sections.

Proof (Proof of Proposition 5.36). Suppose that
Xx&Uu—y
is a cocycle, and that X is o--bounded. The map g : U — Y has a factorization

U—>z

RN

X

where i is a trivial cofibration and p is a trivial injective fibration. The map p has a
section 0 : X — Z which is a trivial cofibration. There is an a-bounded subobject X;
of Z which contains X such that the induced map X; N"\U — X| is a weak equivalence.
There is an o-bounded subobject X{ of Z which contains X; such that the cofibration
X{ — Z is a weak equivalence, by Lemma 5.37 and a Boolean localization argument
— see the proof of Proposition 4.26.

Repeat these constructions inductively, to form a sequence of cofibrations

XcxicXjcx,cXxjc...
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between o-bounded subobjects of X, and let A be the union of these subobjects.
Then, A is a-bounded, and by cofinality the map A C Z is a weak equivalence, as is
the mapANU — A.

It follows that there is a commutative diagram

A<TAQU
X ; U Y

where ANU is o-bounded, so that the map moh(X,Y)q — mh(X,Y) is surjective.
Suppose given a diagram

<

X;Z/;<§Y
LT
“}

A/

!/
il

where the maps i and i’ are trivial cofibrations with A and A’ a-bounded. Then the
subobject O(A) C U’ is a-bounded, as is the union A’U6(A). By Lemma 5.37 (and
Boolean localization), there is an o-bounded subobject B of U’ with A’ U (A) C B
and such that B C U’ is a weak equivalence. The cocycles (gi, fi) and (g'i’, f'i’)
are therefore in the same path component of A(X,Y)q. It also follows that the map
moh(X,Y)q — moh(X,Y) is injective.

We shall also need the following result:

Lemma 5.39. Suppose that the simplicial presheaf X is a-bounded, where o is an
infinite cardinal such that ot > |Mor(%)|. Suppose that B is a cardinal such that 3 >
. Then the inclusion functor j : h(X,Y)q C h(X,Y)g induces a weak equivalence

jo i BR(X,Y)q =~ Bh(X,Y)p.

Proof. Suppose that
xLvihy

is a cocycle such that V is B-bounded. We show that the slice category j/(f,g)
has a contractible nerve. The Lemma then follows from Quillen’s Theorem B (or
Theorem A) [24, IV.5.6], [57].

The category j/(f,g) is isomorphic to the category wey/V whose objects are
the local weak equivalences 8 : U — V with U a-bounded, and whose morphisms
6 — 0’ are commutative diagrams
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of simplicial presheaf morphisms. Write cofy /V for the full subcategory of wey /V
whose objects are the cofibrations, and let i : cofy/V C weq/V be the inclusion
functor.

The slice category 6 /i is non-empty. In effect, the image 0 (U) of the weak equiv-
alence 0 is an o-bounded subobject of V, 6(U) is contained in an a-bounded sub-
object A of V such that . (A) — 7, (V) is a monomorphism of presheaves by Lemma
5.37, and then the inclusion A C V is a weak equivalence by Lemma 5.38. The cat-
egory 0 /i is also filtered, again by Lemmas 5.37 and 5.38.

This is true for all 6 : U — V in the category weq /V, so that the induced map

is : B(cofa/V) C B(wey/V)

is a weak equivalence.
Finally, the category cofy/V is non-empty filtered by Lemmas 5.37 and 5.38,
and it follows that the simplicial set B(wey /V) is contractible.

Corollary 5.40. Suppose that f : X — X' is a local weak equivalence of o.-bounded
simplicial presheaves, where o is an infinite cardinal such that ot > |Mor(%€)|. Sup-
pose that g 1 Y — Y’ is a local weak equivalence. Then the induced simplicial set
map

(fvg)* :Bh(va)OC - Bh(X/aY/)OC

is a weak equivalence.

Proof. Following the proof of Lemma 5.32, suppose that (f,g) : Z — X’ x Y’ is an
a-bounded cocycle, and take the functorial factorization

VA —J> w
lp_(l’x/ vl’y/)
X' xY'

(f.8)

such that j is a trivial cofibration and p is an injective fibration. Form the pullback
diagram

W, (Yx @)« W

(P}} «P;) l \L (PX/ ~,ny)

!/ !
XXYWX xY

as before. Then there is a cardinal § > « such that all objects in this diagram are
B-bounded, and of course the map (py, py) is a cocycle since the map (y x ). is a
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local weak equivalence. It follows that there is a homotopy commutative diagram

Bh(X,¥)q 25 B(X',¥'),

|

Bh(X,Y)ﬁ HB(X/,Y/)ﬁ

(vaJ)*

of simplicial set maps in which the vertical maps are weak equivalences by Lemma
5.39. The statement of the Corollary follows.

5.5 The Verdier hypercovering theorem

The discussion that follows will be confined to simplicial presheaves. It has an exact
analog for simplicial sheaves.

Recall that a hypercover p : Z — X is a locally trivial fibration. This means,
equivalently (Theorem 4.32), that p is a local fibration and a local weak equivalence,
or that p has the local right lifting property with respect to all inclusions dA™ C A",
n>0.

The objects of the category Triv/X are the simplicial homotopy classes of maps
[p] : Z — X which are represented by hypercovers p : Z — X. The morphisms of this
category are commutative triangles of simplicial homotopy classes of maps in the
obvious sense.

To be completely explicit, suppose that f,g : Z — X are simplicial presheaf mor-
phisms, and recall that a simplicial homotopy from f to g is a commutative diagram
of simplicial presheaf maps

Z
d]\L !
ZxAl ——=X
g

Z

We say that f and g are simplicially homotopic and write f ~ g. The set 7(Z,X)
is the effect of collapsing the morphism set hom(Z,X) by the equivalence relation
which is generated by the simplicial homotopy relation. The set 7(Z,X) is the set of
simplicial homotopy classes of maps from Z to X.

There is a contravariant set-valued functor which takes an object [p] : Z — X of
Triv/X to the set m(Z,Y) of simplicial homotopy classes of maps between Z and Y.
There is a function

$p: lim m(ZY)— [X,Y]
pl:Zz—X

which is defined by sending the diagram of homotopy classes
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XﬂZﬂY

to the morphism f- p~! in the homotopy category. Observe that the simplicial ho-

motopy relation preserves weak equivalences.
The colimit
lim n(Z,Y)
[pl:z—X

is the set of path components of a category H,(X,Y) whose objects are the pictures
of simplicial homotopy classes

X(ﬂsz,

such that p : Z — X is a hypercover, and whose morphisms are the commutative

diagrams
2t

X (6] Y

T

P
in homotopy classes of maps. The map ¢, therefore has the form

(5.8)
Z/

O moHR(X,Y) — [X,Y]
The following result is the Verdier hypercovering theorem:
Theorem 5.41. The function
O moHR(X,Y) — [X,Y]
is a bijection if the simplicial presheaf Y is locally fibrant.

Remark 5.42. Theorem 5.41 is a generalization of the Verdier hypercovering theo-
rem of [9, p.425] and [31], in which X is required to be locally fibrant. The statement
of Theorem 5.41 first appeared, without proof, in [55].

There are multiple variants of the category Hj,(X,Y):
1) Write H; (X,Y) for the category whose objects are pictures

X(—ZﬂY

where p is a hypercover and [f] is a homotopy class of maps. The morphisms of

H)(X,Y) are diagrams
/ \
\ /f/1

(5.9)
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such that [6] is a fibrewise homotopy class of maps over x, and [f'][0] = [f] as
simplicial homotopy classes. There is a functor

o:H)(X,Y)— Hy(X,Y)

which is defined by the assignment (p, [f]) — ([p], [f]), and which sends the mor-
phism (5.9) to the morphism (5.8).

2) Write H,'(X,Y) for the category whose objects are the pictures

x&Zz Wy

where p is a hypercover and [f] is a simplicial homotopy class of maps. The mor-
phisms of H}/(X,Z) are commutative diagrams

p Z/
such that [f'- 8] = [f]. There is a canonical functor

H(X,Y) % H)(X,Y)

which is the identity on objects, and takes morphisms 6 to their associated fibrewise
homotopy classes.

3) Let Ay, (X,Y) be the full subcategory of 2(X,Y) whose objects are the cocycles

x&Zzly

with p a hypercover. There is a functor
" < hyyp(X,Y) = Hy (X,Y)
which takes a cocycle (p, f) to the object (p, [f]).
Lemma 5.43. Suppose that Y is locally fibrant. Then the inclusion functor
i hpyy(X,Y) Ch(X,Y)
is a homotopy equivalence.

Proof. Objects of the cocycle category h(X,Y) can be identified with maps (g, f) :
Z — X x Y such that the morphism g is a weak equivalence, and morphisms of
h(X,Y) are commutative triangles in the obvious way. Maps of the form (g, /) have
functorial factorizations
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J

77—V (5.10)
(8:f) J/(p,g)
X XY

such that j is a sectionwise trivial cofibration and (p,g’) is a sectionwise Kan fibra-
tion. It follows that (p,g’) is a local fibration and the map p, or rather the composite

!
7z %y Py x,

is a local weak equivalence. The projection map pr is a local fibration since Y is
locally fibrant, so the map p is also a local fibration, and hence a hypercover.
It follows that the assignment (u,g) — (p,g’) defines a functor

vV h(X,Y) = hypyp(X,Y).
The weak equivalences j of (5.10) define homotopies y'-i~1andi-y' ~1.

Proof (Proof of Theorem 5.41). Write y for the composite functor

! /! /
h(XvY) L hhyﬂ(XaY) w—>Hf/z/(XaY) £>I-Il/l()(?Y) th(xay)'

The composite function

Moh(X,Y) L5 ol (X, Y) 25 moH]! (X, V) 25 moHj,(X,Y) .

&)%Hh(X,Y) ¢_h> [X,Y]

is the bijection ¢ of Theorem 5.34. The function . is a bijection by Lemma 5.43,
and the functions ®!, @, and @, are surjective, as is the function ¢@. It follows that
all of the functions which make up the string (5.11) are bijections.

The following corollary of the proof of Theorem 5.41 deserves independent men-
tion:

Corollary 5.44. Suppose that the simplicial presheaf Y is locally fibrant. Then the
induced functions

/" ’
nOhhyp(va) w—*> ﬂ:OHi/z/(va) & ﬂ:OHf/z(XaY) &) ﬂlo(X,Y)

are bijections, and all of these sets are isomorphic to the set [X,Y] of morphisms
X — Y in the homotopy category Ho(s/Pre(%)).

The bijections of the path component objects in the statement of Corollary 5.44
with the set [X,Y] all represent specific variants of the Verdier hypercovering theo-
rem.
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Remark 5.45. There is a relative version of Theorem 5.41, which holds for the model
structures on slice category A/sPre(%¢’) which is induced from the injective model
structure. Recall that the objects of this category are the simplicial presheaf maps
x:A — X, and the morphisms f : x — y are the commutative diagrams

A
/N
X*}C)Y

In the induced model structure, the morphism f : x — y is a weak equivalence (re-
spectively cofibration, fibration) if and only if the underlying map f: X — Y is a
local weak equivalence (respectively cofibration, injective fibration) of simplicial
presheaves.

In general, if M is a closed model category and A is an object of M, then the slice
category A/M inherits a model structure from M with the same definitions of weak
equivalence, fibration and cofibration as above, and it is an easy exercise to show
that this model structure exists.

The slice category A/sPre(%’) has a theory of cocycles by Theorem 5.34, and
then the argument for Theorem 5.41 goes through as displayed above in the case
where the target Y of the object y: A — Y is locally fibrant.

These observations apply, in particular, to give a Verdier hypercovering theorem
for pointed simplicial presheaves. More detail can be found in [45].

In some respects, Lemma 5.43 is the “real” Verdier hypercovering theorem, al-
though the result is a little awkward again because the cocycle categories in the
statement might not be small. This situation is easily remedied by introducing car-
dinality bounds.

Suppose that « is an infinite cardinal such that the simplicial presheaves X and Y
are a-bounded, and write Ay, (X,Y)q for full subcategory of the cocycle category
h(X,Y) on the cocycles

x&zlhy

for which p is a hypercover and Z is o-bounded. Then Ay, (X,Y ) is a full subcat-
egory of the category hy(X,Y) of Proposition 5.36, and we have the following:

Theorem 5.46. Suppose that o is an infinite cardinal such that o > |Mor(%)|. Sup-
pose that the simplicial presheaves X and Y on the site € are a-bounded and that Y
is locally fibrant. Then the inclusion hpy,(X,Y)o C h(X,Y)q induces a weak equiv-
alence N

Bhyyy(X,Y)q = BR(X,Y)q.

Proof. The inclusion Ay, (X,Y)a C h(X,Y)q is a homotopy equivalence of small
categories, by the same argument as for Lemma 5.43. In particular, the construction
of the homotopy inverse functor

h(XaY)Ot — hhyp(XaY)Dt
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from that proof respects cardinality bounds, by the assumptions on the size of the
cardinal o.

Theorem 5.46 also leads to “hammock localization” results for simplicial pre-
sheaves. Suppose that the conditions for Theorem 5.46 hold in the following.

As in the proof of Lemma 5.39, write wey /X for the category whose objects are
all weak equivalences U — X with U o-bounded. The morphisms of we, /X are the
commutative diagrams

U/
Suppose that the simplicial presheaf Z is injective fibrant, and consider the func-

tor
hom( ,Z) : (weq/X)?P — sSet

which is defined by the assignment
U= X —hom(U,Z).
There is a canonical map
: N op
holim -~ hom(U,Z) — B(weq /X)°P.

Since X is a-bounded, the category we, /X has a terminal object, namely 1y, so
B(wey /X)°P is contractible, while the diagram hom( ,Z) is a diagram of weak
equivalences since Z is injective fibrant. It follows [24, IV.5.7] that the canonical
map

hom(X,Z) — holim _ ~ hom(U,Z)

is a weak equivalence. At the same time, the horizontal simplicial set
holim  ~ hom(U,Z),

is the nerve of the cocycle category h(X ,ZA")O, and is therefore weakly equivalent
to Bh(X,Z), for all n, by Corollary 5.40. This means that the canonical map

Bh(X,Z)q — holim  ~ hom(U,Z)

is a weak equivalence.
We have proved the following:

Theorem 5.47. Suppose that Z is injective fibrant and that X is a-bounded, where
o is an infinite cardinal such that o. > |Mor(€)|. Then the canonical maps

Bh(X,Z)q — holim =~ hom(U,Z) < hom(X,Z)
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are weak equivalences.

The assertion that ¥ — ¥4" is a local weak equivalence holds for any locally
fibrant object Y, and so we have the following:

Corollary 5.48. Suppose that Y is locally fibrant and that j:Y — Z is an injec-
tive fibrant model in simplicial presheaves. Suppose that X is a.-bounded. Then the
simplicial set maps

Bh(X,Y)q —holim =~ hom(U,Y)
holim =~ hom(U,Z) < hom(X,Z2)

are weak equivalences.

Proof. The maps Y — Y4" — 72" are weak equivalences since ¥ and Z are locally
fibrant. All maps

BH(X,Y)q — Bh(X,Y2" )y — Bh(X,Z*" )4

are therefore weak equivalences by Corollary 5.40.






Chapter 6
Localization theories

6.1 General theory

Suppose that ¢ is a small Grothendieck site. Suppose that F is a fixed set of cofi-
brations A — B in the category sPre(%) of simplicial presheaves on the site %'

Throughout this chapter, we will assume that / is a simplicial presheaf on € with
two disjoint global sections 0,1 : « — I. The object I will be called an interval,
whether it looks like one or not. The examples that we are most likely to care about
include the following:

1) the simplicial set A! with the two vertices 0,1 : x — A',

2) Br(A') with the two vertices 0,1 : * — m(A') in the fundamental groupoid
n(A') of A,

3) the affine line A over a scheme S with the rational points 0,1: S — A

The basic idea behind the flavour of localization theory which will be presented
here, is that one wants to construct, in a minimal way, a homotopy theory on simpli-
cial presheaves for which the cofibrations are the monomorphisms, all of the maps in
the set S become weak equivalences, and the interval object I describes homotopies.

Write

o =r.

There are face inclusions
d¥.07' 50" 1<i<n e=0,1,

with '
dl"g(xl,. o ,xnfl) = (xl,...,x,-,l,e,xi, SN ,xnfl).

The boundary d01" and (i, €)-horn M7 of 1" are defined, respectively, by
00" = Uje d"5(O" ),

and

109



110 6 Localization theories

Me = UGmzie) 7O ).

The interval [ is used to define homotopies. A naive homotopy between maps
f,g: X — Y is a commutative diagram

X f
o N

XxI——=Y

6.1)

1
b~
X
Naive homotopies generate an equivalence relation: write

n(X,Y)=m(X,Y)

for the set of naive homotopy classes of maps X —7Y.
The class of F-anodyne extensions is the saturation of the set of inclusions A (F')
which consists of the maps

(CxOYU(DxT,) CDx O (6.2)

where C — D is a member of the set of generating cofibrations for sPre(%), together
with the maps
AxOMU(BxJO") CcBxO" (6.3)

with A — B in the set F'. All F-anodyne extensions are cofibrations.

An F-injective morphism is a simplicial presheaf map p : X — Y which has the
right lifting property with respect to all F-anodyne extensions, and a simplicial
presheaf X is F-injective if the map X — * is an F-injective morphism.

The class of F-anodyne extensions includes all maps

(ExO")U(F XM ,) CFxDO
which are induced by arbitrary cofibrations E — F of simplicial presheaves. It fol-
lows by a standard argument that, if Z is an F'-injective object and X is an arbitrary
simplicial presheaf, then the maps f, g : X — Z represent the same naive homotopy
class in 7(X,Z) if and only if there is a single naive homotopy

An F-weak equivalence is amap f : X — Y which induces a bijection

n(Y,Z) > n(X,Z)
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in naive homotopy classes of maps for all F-injective objects Z.

Observe that a map f : X — Y between F-injective objects is an F-weak equiv-
alence if and only if it is a naive homotopy equivalence. In effect, there is a map
g :Y — X such that f - g is naively homotopic to the identity 1y, and then f-g- f
and f are naively homotopic, so that g - f is naively homotopic to the identity 1y.

A cofibration is again a monomorphism of simplicial presheaves, as for the injec-
tive model structure, and an F-fibration is a map which has the right lifting property
with respect to all maps which are cofibrations and F-weak equivalences.

Lemma 6.1. /) Suppose that C — D is an F-anodyne extension. Then the induced
map
(CxOYu(DxoO') c bx ! (6.4)

is an F-anodyne extension.
2) All F-anodyne extensions are F-weak equivalences.

Proof. Show that that if C — D is in A(F), then the induced map (6.4) is an F-
anodyne extension. Statement 1) therefore holds for all generators C — D of the
class of F-anodyne extensions, so it holds for all F-anodyne extensions, by a colimit
argument.

Suppose that i : C — D is an F-anodyne extension and that Z is an injective
object. Then the lifting exists in any diagram

C—Z7

|

D

so that the map
i*:w(D,Z) - n(C,Z)

is surjective. If f, g : D — Z are morphisms such that there is a homotopy 7 : C x I —
Z between fi and gi, then the lifting exists in the diagram

h(f,
(CxD')U(Dx&D‘)((—fg)Z

pxOt
by part 1), and the map H is a homotopy between f and g. It follows that the function
i*:w(D,Z) — n(C,Z)
is injective as well as surjective.

We shall prove the following:
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Theorem 6.2. Suppose that € is a small Grothendieck site, F is a set of cofibrations,
and that I is some choice of interval. Then the simplicial presheaf category sPre(€),
with the cofibrations, F-weak equivalences and F -fibrations, has the structure of a
cubical model category.

The model structure of Theorem 6.2 is the F'-local model structure for the category
sPre(€¢) of simplicial presheaves on the site €.
The cubical function complex hom(X,Y) has n-cells defined to be the maps

XxO" =Y.

The assertion that the F'-local model structure is cubical means that a cubical version
of Quillen’s simplicial model axiom SM7 holds. In the present case, this means that

1) amap A — B which a cofibration and an F-weak equivalence induces an F'-weak

equivalence
(BxdOMUAxO")cBxO"

and

2) all cofibrations C — D induce F-weak equivalences
(Dx T ¢)U(CxDO") cDx O
Both statements are consequences of Lemma 6.1.

The model structure of Theorem 6.2 is automatically left proper, since all objects
are cofibrant. There is a right properness assertion as well, which requires some
extra conditions. This is proved in Theorem 6.19 below.

Theorems 6.2 and 6.19 are special cases of more general results, which can be
found in [41]. Theorem 6.2 was originally proved by Cisinski [11], although he did
not express it in the way which is displayed here. There is an older, more traditional
approach to localization theory for simplicial presheaves which can be found in
[23], but see also [27]. The big advantage of Theorem 6.2 and its proof is that an
underlying model structure is not required: the set F' can be any set of cofibrations,
and in particular can be empty.

Note that the two maps 0,1 : x* — [ are F-anodyne extensions, and therefore
become weak equivalences in the F'-local model structure, by Lemma 6.1.

The proof of Theorem 6.2 occupies much of this section. We begin by establish-
ing a standard list of cardinality tricks.

Generally, suppose that G is some set of cofibrations of simplicial presheaves,
and choose an infinite cardinal o such that oc > |Mor(%)|, & > |G| and that « > |D|
forall C — D in G.

Suppose that A > 2%

Every f: X — Y has a functorial system of factorizations
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s

X —— Ei(f)
N
Y

for s < A defined by the lifting property for maps in G, and which form the stages
of a transfinite small object argument.
Specifically, given the factorization f = fi; form the pushout diagram

UpC —— E(f)

L

LpD 4>Es+l(f)

where D is the set of all diagrams

C —=E(f)

D———Y
with i in G. Then fi1; : Eg41(f) — Y is the obvious induced map. Set

Et(f) = llgEs(f)

s<t

at limit ordinals t < A.
Then there is a functorial factorization

X —2 B, (f) (6.5)

\ |

Y

Also, f) has the right lifting property with respect to all C — D in G, and i is in
the saturation of G.
Write Z(X) = Ej (X — *).

Lemma 6.3. 1) Suppose that t — X, is a diagram of simplicial presheaves, indexed
by @ > 2%. Then the map

lim Z(X) —>,,2”(1113 X:)

t<w <o

is an isomorphism.
2) The functor X — £ (X) preserves cofibrations.
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3) Suppose that y is a cardinal with y > o, and let Sy(X) = the subobjects of X
having cardinality less than 7. Then the map

lim Z(Y) = Z(X)
YeSy(X)

is an isomorphism.
4) If |X| < 2" where L > A then |.L(X)| < 2H.
5) Suppose that U,V are subobjects of X. Then the natural map

ZUnNV)->2U)nZV)
is an isomorphism.

Proof. Tt suffices to prove all statements with .2 (X) replaced by E1(X). There is a
pushout diagram

g (C xhom(C,X)) ——=X
Ug (D xhom(C,X)) —— E1 X

Then, in sections,

EiX =| | ((D(a) —C(a)) x hom(C,X)) LU X(a).
G

so 5) follows. The remaining statements are exercises.
We now return to the case of interest.

Lemma 6.4. Every simplicial presheaf map f : X — Y has a functorial factorization

X—1>z
p
N
Y
where j is an F-anodyne extension and the map p is F-injective.
Proof. This is the case G = A (F) of the factorization (6.5), with Z = E, (f).

Suppose that ¢ is an infinite cardinal such that a > |A(F)| and that &t > |D| for
all C — Din A(F). Suppose that 1 > 2%,

The following Lemma says that cofibrations which are F-weak equivalences sat-
isfy a bounded cofibration condition:

Lemma 6.5. Suppose given a diagram
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l‘ |

A—

of cofibrations such that i is an F-weak equivalence and |A| < 24, Then there is
a subobject B C'Y with A C B such that |B| < 2* and BNX — B is an F-weak
equivalence.

Proof. The proof is due to Cisinski. It is innovative in the sense that it uses nothing
but naive homotopy (6.1).

The map i, : ZX — ZY is a cofibration (by Lemma 6.3), and is a naive homo-
topy equivalence of F-injective objects. There is a map ¢ : ZY — ZY such that
0 - i, ~ 1 via a naive homotopy 4 : ZX x I — .£X. Form the diagram

(2v < () u(2x <) % 2x

$Y><I"V

The other end .ZY x {1} of the homotopy H defines a map ¢’ such that 0’ - i, = 1,
and i,0’ ~i,0 ~ 1. We can therefore assume that o -i, = 1.

Suppose that A; C Y and |A,| < 2*. Then |.ZA, x I| < 2* by Lemma 6.3. Also,
there is a 2*-bounded subobject As4+1 such that A; C Agy1 and there is a diagram

XASXI%.;%AAH_]

} |

.,?YXITZY

where K :i,0 ~ 1.
This is the successor ordinal step in the construction of a system s +— A with
s < A (recall that A > 2%) and A = Aj. Let B = ligs Aj. Then, by construction, B

is 2*-bounded and the restriction of the homotopy K to .ZB x I factors through the
inclusion j, : B — £Y.
There is a pullback

2(BNX) L= ox

gk

gB?fY

and i.0(.ZB) C ZB. It follows that there is a map ¢’ : B — £ (BN X) such that
o’ -i' = 1. The homotopy K restricts to a homotopy .ZB x I — .#B (by construc-
tion), and this is a homotopy i'¢’ ~ 1.
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A F-trivial cofibration is a map which is a cofibration and an F-weak equiva-
lence. The next step in the proof of Theorem 6.2 is to show that the class of F-trivial
cofibrations is closed under pushout.

Lemma 6.6. Suppose given a diagram

|
D

where i is a cofibration, and suppose that there is a naive homotopy h: C x I — E
from f to g. Then g, : D — DU, E is an F-weak equivalence if and only if f. : D —
DUy E is an F-weak equivalence.

Proof. There are pushout diagrams

DXI?‘(DXI)U;,E

where the top composite is f. The maps dy., j and j, are F-anodyne extensions.
Thus f, = K -dy, is an F-weak equivalence if and only if /' is an F-weak equiva-
lence, and /' is an F-weak equivalence if and only if &, is an F-weak equivalence.
Thus, f. is an F-weak equivalence if and only if 4, is an F'-weak equivalence. Sim-
ilarly, g. is an F'-weak equivalence if and only if 4, is an F'-weak equivalence.

Lemma 6.7. Suppose that the map i : C — D is an F-trivial cofibration. Then the

cofibration
(CxDHU(Dx{0,1}) > DxI

is an F-weak equivalence.

Proof. The diagram

Cx{0,1} —=Dx{0,1} — ¥D x{0,1}

| ) |

Cx]—>Dx]——— ¥DxI
induces a diagram

(CxD)U(Dx{0,1}) — (Cx1)U(LD x {0,1})

) }

DxI LD x1
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in which the horizontal maps are F-anodyne extensions, and hence F-weak equiva-
lences.
There is a factorization

where i’ is an F-anodyne extension and the map p is both F-injective and an F-weak
equivalence. In the induced diagram

(CxDU(LD x {0,1}) — (CxI)U (LD x {0,1})

! |

LD x1 LD x1

the top horizontal map is induced by the homotopy equivalence
£D' x{0,1} — D x {0,1},

and is therefore an F-equivalence by Lemma 6.6. The bottom horizontal map is
also a homotopy equivalence. The left hand vertical map is an F-equivalence by
comparison with the map

(CxI)U(D' x{0,1}) = D' x1I
which is an F-anodyne extension.

Lemma 6.8. Suppose that j: C — D is an F-trivial cofibration. Then every map
o : C — Z with Z F-injective extends to a map D — Z.

Proof. There is a homotopy i : C x I — Z from @ to a map 3 - j for some map
B : D — Z, and then the homotopy extends, via the diagram

CxnuDx{1}) 2P, 7

=

DxI

since the vertical map is an F-anodyne extension. The desired extension D — Z is
the restriction of H to D x {0}.

Lemma 6.9. The class of F-trivial cofibrations is closed under pushout.

Proof. Suppose given a pushout diagram
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cC——=C
7
D——=D

where the map j is an F-trivial cofibration.
Then the diagram

(CxDU(Dx{0,1}) — (C'x )U(D' x {0,1})

i !

D x1 D' x1I

is a pushout. The left vertical map is an F'-trivial cofibration by Lemma 6.7, and
therefore has the left lifting property with respect to the map Z — * by Lemma 6.8.
Thus, if two maps f,g : D' — Z restrict to homotopic maps on C’, then f ~ g.

Every F-fibration is an F-injective map, since every F-anodyne extension is an
F-trivial cofibration by Lemma 6.1. This observation has the following partial con-
verse:

Lemma 6.10. Suppose that the map p : X — Y is F-injective and that Y is an F -
injective object. Then the map p is an F-fibration.

Proof. Suppose given a diagram

A2

(6.6)

X
|7
B—>Y

B
where i is an F-trivial cofibration. Then there isamap 6 : B— X such that 6-i = «
since X is F-injective.

The constant homotopy A x I P A% X extends to a homotopy h: BxI—Y as
in the diagram

(Ax 1)U (Bx{0,1}) (papra,(B.p9))

BxI

since the vertical map is an F-trivial cofibration (Lemma 6.7) and Y is F-injective.
It follows that there is a homotopy
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Ax1 2 x

ixii/ J/P

BXI*I>Y
h

from the original diagram to a diagram

A%

X
T
B%)Y

The lifting in the diagram

meUBlJEQ>

Bxl—h>

restricts to the required lifting for the original diagram (6.6).
Corollary 6.11. Every F-injective object is F-fibrant.

Lemma 6.12 (CM4). Suppose that p : X — Y is an F-fibration and an F-weak
equivalence. Then p has the right lifting property with respect to all cofibrations.

Proof. Suppose first that Y is F-injective. Then p is a naive homotopy equivalence,
and has a section o : ¥ — X.
The map o is an F'-trivial cofibration so the lift exists in the diagram

(Y X I) U (X X {O, 1}) (G'Pr,(lx.’(;.p))

XX[——YxI—>Y
px1 pr
since the left vertical map is an F-weak equivalence by Lemma 6.7. It follows that
the identity diagram on p : X — Y is naively homotopic to the diagram

c-
X P

@

Ny

4
p

~<— <

-

Thus, any diagram

}

o<

i
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is naively homotopic to a diagram which admits a lifting. It follows that the map p
has the right lifting property with respect to all cofibrations.
If Y is not F-injective, form the diagram

b

o,
[
()

JY

<
~ <

where j is an F-anodyne extension and g is F-injective. Then ¢ is an F-fibration
by Lemma 6.9 and is an F-weak equivalence by Lemma 6.1, so that ¢ has the right
lifting property with respect to all cofibrations by the previous paragraph.

Factorize the map X — Y X o (y)Z as

where 7 has the right lifting property with respect to all cofibrations and i is a
cofibration. Write g, for the induced map Y X ¢ (y)Z — Y. Then the composite g7
has the right lifting property with respect to all cofibrations and is therefore a naive
homotopy equivalence. The cofibration i is therefore an F-weak equivalence, and it
follows that the lifting exists in the diagram

so that p is a retract of a map which has the right lifting property with respect to all
cofibrations.

Corollary 6.13. A map p : X — Y is an F-fibration and an F-weak equivalence if
and only if it has the right lifting property with respect to all cofibrations.

We are now ready to finish the proof of Theorem 6.2.

Proof (Proof of Theorem 6.2). The cofibration/trivial fibration factorization state-
ment of CMS is a consequence of Corollary 6.13, along with the corresponding
factorization for the injective model structure.

A map p: X — Y is an F-fibration if and only if it has the right lifting property
with respect to all o--bounded F-trivial cofibrations for a suitable choice of infinite
cardinal o¢ — this is a consquence of Lemma 6.5. The trivial cofibration/fibration
factorization statement follows by a standard small object argument. We need to
know that trivial cofibrations are closed under pushout, but this is Lemma 6.9.
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All simplicial presheaves are cofibrant for the present model structure. Left
properness therefore follows from general nonsense about categories of cofibrant
objects — see [24, 11.8.5].

Example 6.14 (Homotopy theory of simplicial presheaves). Suppose that F is a
generating set of trivial cofibrations A — B for the inductive model structure on
sPre(%), and that I = A! is the standard interval.

An injective model j : X — £(X) is an injective fibrant model since all F-
anodyne extensions are trivial cofibrations for the injective structure and all F-
injective objects are injective fibrant. Thus, every F-weak equivalence is a local
weak equivalence. If f : X — Y is a local weak equivalence, then ¥ (X) — Z(Y) is
a local weak equivalence between injective fibrant models, and is therefore a stan-
dard homotopy equivalence; it follows that f is an F-weak equivalence.

Example 6.15 (The f-local theory, for a cofibration f : A — B). Suppose that F
consists of a generating set of trivial cofibrations C — D as well as all cofibrations

BxC)U@AxD) L2 BxD

which are induced by a set of generators j : C — D of the class of cofibrations of
sPre(¢). Let I = A' be the standard interval. The corresponding F-local model
structure is the f-local model structure for simplicial presheaves [23], [38], [41].
One usually says that an F-weak equivalence is an f-weak equivalence and that
F-fibrations are f-fibrations in this case.

Every local weak equivalence is an f-weak equivalence. It follows by an induc-
tion on skeleta that the functor X — X x K preserves f-weak equivalences for all
simplicial sets K, and that a map

(BXxK)U(AXL)CBXL

which is induced by a cofibration i : A — B and an inclusion i : K — L of simplicial
sets is an f-equivalence if either i is an f-equivalence or j is a trivial cofibration. It
follows in particular that the f-local structure has a closed simplicial model struc-
ture, with respect to the standard function complex hom(X,Y). It also follows that a
map g: X — Y is an f-weak equivalence if and only if it induces a weak equivalence

g" hom(Y,Z) — hom(X,Z)
for all f-fibrant simplicail presheaves Z.

Example 6.16 (Motivic homotopy theory). Suppose that S is a scheme of finite di-
mension (typically a field), and let (Sm|s)y;s be the category of smooth schemes of
finite type over S, equipped with the Nisnevich topology. The motivic model struc-
ture on sPre(Sm|s)yis can be constructed in two ways:

a) Let F consist of the generating set of the trivial cofibrations for the injective
model structure on sPre(Sm/s)nis, together with all maps
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(CxAhYuDc DxA!

which are induced by the O-section f : + — A! and generators C — D of the class
of cofibrations, and let I = A!. This is the f-local theory associated to the 0-section
fix— AL

b) Let F be the generating set of trivial cofibrations for the injective model structure
on sPre(Sm|s)yis and let I = A! with the global sections 0,1 : x — Al

It is an exercise to show that the two model structures coincide: every F-anodyne
extension of one structure is a trivial cofibration of the other, and so the two struc-
tures have same injective objects. It follows that the two classes of weak equiva-
lences coincide.

The motivic model structure is called the Al-model structure in [55]. Strictly
speaking, the Morel-Voevodsky model structure is on the category of simplicial
sheaves on the smooth Nisnevich site, but the model structures for simplicial sheaves
and simplicial presheaves are Quillen equivalent by the usual argument [38]. There
are many other models for motivic homotopy theory, including model structures on
presheaves and sheaves (not simplicial!) on the smooth Nisnevich site [38], and all
the models arising from test categories [41].

Example 6.17 (Quasi-categories). The quasi-category model structure on the cate-
gory sSet of simplicial sets is the model structure given by the theorem for the set
F of inner anodyne extensions

A CA", 0<k<n,

and the interval I = Brt(A'). Here, m(A!) is the fundamental groupoid on the sim-
plex A'; it is the trivial groupoid with objects consisting of the set {0, 1} of vertices.
A quasi-category is a simplicial set X such that the map X — * with respect to all
inner anodyne extensions.

The following is an analog (and a partial consequence) of Lemma 5.17, for the
f-local theory of Example 6.15:

Lemma 6.18. 1) Suppose that g : X — Y is an f-weak equivalence and that E is a
simplicial presheaf. Then the map

gx1: XXE—=YXE

is an f-weak equivalence.
2) Suppose that i : A — B and j: C — D are cofibrations of sPre(%). Then the

induced cofibration
(BxC)U(AxD)—BxD

is an f-weak equivalence if either i or j is an f-weak equivalence.

Proof. All maps
BxC)U@AxD) L2 BxD
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which are induced by cofibrations j: C — D are f-weak equivalences. Thus, the
cofibration j X 1 : C x E — D x E induces an f-equivalence

(BxC)U(AxD)) x E LY (B D)< E.

It follows that if a cofibration j : C' — D' is in the set F, then the induced map
jx1:C'xE—=D xE

is an f-equivalence.
All cofibrations (6.2) are local weak equivalences since I = A, and so all induced
cofibrations
(CxOMUD X)) xE C(DxO") XE

(i,€
are local weak equivalences by Lemma 5.17. All cofibrations (6.3) induce f-

equivalences
(AxOMUBxdAM)xEC(BxO")XE

since all morphisms A — B in the set F induce f-equivalences A X E — B X E by
the argument in the first paragraph.

It follows that the functor X — X X E takes F-anodyne extensions to f-equiva-
lences.

If Z is f-fibrant, the lifting therefore exists in every diagram

CXE——

7
jx1 J/

DXE

for every F-anodyne extension j : C — D, and it follows that the internal function
complex Hom(E,Z) (see the discussion of this object in Section 5.2) is f-fibrant by
Lemma 6.18.

A simplicial presheaf map 4: V — W is an f-equivalence if and only if it induces
a weak equivalence of simplicial sets

h* :hom(W,Z) — hom(V,Z)

for all f-fibrant objects Z. It follows that the f-equivalence g induces a weak equiv-
alence
¢" hom(Y,Hom(E,Z)) — hom(X,Hom(E,Z)).

This simplicial set map is isomorphic to the map
(gx1)" :hom(Y X E,Z) - hom(X X E,Z).

Thus, (g x 1)* is a weak equivalence of simplicial sets for all f-equivalences g and
all f-fibrant objects Z, and so g x 1 is an f-weak equivalence.
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6.2 Properness

We already know that all of the F-local model structures of Theorem 6.2 are left
proper, since all objects in these structures are cofibrant.
The following result gives a condition for an F-local structure to be right proper.
It is a special case of Theorem 4.18 of [41], but the proof which is given here is new.
One of the outcomes, which appears in Corollary 6.21 below, is the Morel-
Voevodsky result that the standard motivic model structures are proper.

Theorem 6.19. In the F-local model structure of Theorem 6.2, suppose that all
cofibrations in the set F pull back to F-weak equivalences along all F-fibrations
p: X — Z with Z F-fibrant. Then the F-local model structure on sPre(€) is proper.

The condition in the statement of Theorem 6.19 means that, in every diagram

AxyX — s BxyX X
| |
A . %

1

with p an f-fibration such that Y is f-fibrant, if i is a member of f then the map i,
is an F-weak equivalence.

Proof (Proof of Theorem 6.19). Write .% for the class of all F-fibrations which
preserve F-weak equivalences under pullback. Suppose that we can show that all
F-fibrations Z — W with F-fibrant base W are in .%.

Let p: X — Y be an F-fibration, and form the diagram

I

where j is an anodyne extension and .Z(Y) is fibrant, i is an F-trivial cofibration
and ¢q is an F'-fibration. The induced map

%Z

:

—>$Y

XT /Yxf

is an F-trivial cofibration between F-fibrant objects of sPre(%¢") /Y, and so there is a
map r: g, — p such that r-i, = 1. It follows that p is a retract of a map ¢, ; the map
g« is in .Z, so that p is a member of .F
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The projection map pr: D x 0% — D pulls back to an F-equivalence along all
F-fibrations. Suppose that p : X — D x " is an F-fibration, and form the diagram

xX— 7z

Dx " T> D
where i is an F-trivial cofibration and ¢ is an F'-fibration. Then the induced map

X4>Z><D"

N

D x "

is an F-trivial cofibration of F-fibrant objects in sPre(%’)/(D x "), so that p is a
retract of ¢ x 1. It follows that (1 X j), in the pullback diagram

1% /)
(D X HE!I.@)) X(DXD”)X (1))

X
| LP
D x FI’(TI..E) T)D « [T
is an F'-weak equivalence. Here, j : I_I"l.’ e) — 0" is the usual inclusion. Similarly, the
map D — D x 0" which is defined by the inclusion * — 1" of a vertex induces a

weak equivalence D X pyx» X — X after pullback along the map p.
It follows that all maps

1><j:D><|‘|?‘i_£>%D><D"

pull back to F-weak equivalences along all F-fibrations. It also follows that the
cofibrations
(CxOYU(Dx FIE‘LE)) —DxO"

which are induced by cofibrations C — D pull back to F-weak equivalences along
all F-fibrations.

Write # for the class of all maps f : U — V which pull back to F-weak equiva-
lences along all F-fibrations X — Y with F-fibrant base Y. All cofibrations A — B
of the set F are in %/, by assumption.

Then all maps

fx1:AxO"— BxO"

with f € F are in the class # since all maps A — A x [1" which are defined by
inclusion of vertices of (1" are in %, by the the first paragraphs of the proof.
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It follows by induction on n, by using comparisons of pushout diagrams

C x 91 — C XTI o)

i !

CxO 1 —Cx o

that all morphisms f x 1: A x (0" — B x 0" which are induced by morphisms
A — Bof F are in # . It also follows that all maps

AxOMuBUIO") CcBxO"

which are induced by cofibrations A — B of F are in the class #'.

The class # is closed under retractions and transfinite compositions as well as
pushout, so that all F-anodyne extensions are in #'.

Suppose that p : X — Y is an F-fibration with F-fibrant base Y, and consider a
diagram

X
|7
A—>B—>Y

f B

where f is an F-weak equivalence. Then there is a diagram

|
14
S g Py
J‘Ai, jB\L /
2(8) > 2(6)

where j4 and jp are F-anodyne extensions taking values in F'-fibrant objects, and
f« is an F-weak equivalence. It follows that f pulls back to an F-weak equivalence
along p if and only if the map f, does so.

The object .Z(B) is F-fibrant, so f; has a factorization

20w

RN

Z(B)

such that j is an F-anodyne extension and ¢ is an F-trivial fibration, by Lemma 6.10.
The F-trivial fibration ¢ pulls back to an F-weak equivalence along p by formal
nonsense, and the F'-anodyne extension j pulls back to a F'-weak equivalence along
p by the last paragraph.
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All F-fibrations with F-fibrant base therefore preserve F'-weak equivalences un-
der pullback, so that the same is therefore true for all F-fibrations.

Corollary 6.20. Suppose that f : x — A is a global section of a simplicial presheaf
A on a small site €. Then the f-local model structure on sPre(€) is proper.

Proof. 1t suffices, by Theorem 6.19, to show that the map f : * — I pulls back to an
f-weak equivalence along all f-fibrations.

The idea of proof already appears in the proof of Theorem 6.19. Suppose that
p:X — Iis an f-fibration, and form the diagram

X
!
1
where j is an f-anodyne extension and Z is f-fibrant. Then the map p is a retract
of the projection pr : I x Z — I and the map f pulls back to an f-weak equivalence

(actually an f-anodyne extension) f X 1 : % X Z — I x Z along the map pr. It follows
that the induced map p~!(f) — X is an f-weak equivalence.

J
—_—

* <=<— N

_

Corollary 6.21. The motivic model structure on the category sPre(Sm|s)nis of sim-
plicial presheaves on the smooth Nisnevich site is proper.

6.3 Intermediate model structures

Throughout this section, suppose that M is a model structure on the category
sPre(%) for which the cofibrations are the monomorphisms. Suppose that every
local weak equivalence is a weak equivalence of M. Every object is cofibrant in the
model structure M, so that M is a left proper model structure.

It also follows that the class of weak equivalences of M is closed under products
with simplicial sets. In effect, if f: X — Y is a weak equivalence of M then each
induced map

fX1:XxA" Y x A"

is locally equivalent and hence weakly equivalent to f in M, and is therefore a weak
equivalence of M. It follows by an induction of skeleta (which involves the left
properness of M) that the map

fx1:XxXK—=YxK

is a weak equivalence of M for each simplicial set K.
The standard function complexes hom(X,Y) therefore gives M the structure of a
simplicial model category.
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Examples include all cases of Theorem 6.2 for which the set of cofibrations F in-
cludes a set of generators for the trivial cofibrations for the injective model structure,
so that the includes all localizations of the injective model structure, for whatever
choice of interval /. These include all f-localizations (Example 6.15), and hence the
standard motivic model structures (Example 6.16).

Recall from Section 1.4 that there is a projective model structure on sPre(%), for
which the fibrations are sectionwise Kan fibrations and the weak equivalences are
sectionwise weak equivalences.

The cofibrations for this theory are the projective cofibrations, and this class of
maps has a generating set Sy consisting of all maps Ly (dA") — Ly(A"), n > 0,
Ue®?.

Write Cp for the class of projective cofibrations, and write C for the full class of
cofibrations (which are the simplicial presheaf monomorphisms). Every projective
cofibration is a cofibration, so there is a relation Cp C C.

Let S be any set of cofibrations which contains Sp. Let Cg be the saturation of the
set of all cofibrations of the form

(BxdA")UAxA") CBxA"

which are induced by members A — B of the set S. The saturation of a collection
of cofibrations [24, 11.6.3] is the smallest class of cofibrations containing the list
above, which contains all isomorphisms, and is closed under pushout, retracts, dis-
joint union, composition and transfinite composition. Say that Cg is the class of
S-cofibrations.

An S-fibration is a map p : X — Y of simplicial presheaves which has the right
lifting property with respect to all S-cofibrations which are weak equivalences of M.
Observe that every fibration of M is an S-fibration.

Theorem 6.22. Let M be a model structure on the category sPre(%) of simpli-
cial presheaves for which the cofibrations are the monomorphisms, and suppose
that every local weak equivalence is a weak equivalence of M. Then the category
sPre(%), together with the classes of S-cofibrations, weak equivalences of M, and
S-fibrations, satisfies the axioms for a left proper closed simplicial model category.

Proof. The axioms CM1, CM2 and CM3 are trivial to verify.
Any f: X —Y has a factorization

where j € Cg and p has the right lifting property with respect to all members of
Cs. Then p is an S-fibration and is a sectionwise weak equivalence. The map p is
therefore a weak equivalence of M.

The map f also has a factorization
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for which ¢ is a fibration of M and i is a trivial cofibration of M. Then ¢q is an
S-fibration. Factorize the map i as i = p- j where j € Cg and p is an S-fibration
and a weak equivalence of M (as above). Then j is a weak equivalence of M, so
f = (gqp) - j factorizes f as an S-fibration following a map which is an S-cofibration
and a weak equivalence of M.

We have therefore proved the factorization axiom CMS5.

It is an exercise to prove CM4. One shows that if p : X — Y is an S-fibration and
a weak equivalence of M, then p is a retract of a map which has the right lifting
property with respect to all S-cofibrations.

Suppose that j : K — L is a cofibration of simplicial sets. The collection of all
cofibrations i : C — D of simplicial presheaves such that the induced map

(DxK)U(CxL)— DXL 6.7)
is and S-cofibration is saturated, and contains all generators
(BxdA"YUA xA")CBxA"

of the class Cgs. It follows that the map (6.7) is an S-cofibration if i : C — D is an S-
cofibration. This map is a weak equivalence of M if either i is a weak equivalence of
M or j is a weak equivalence of simplicial sets. The model structure of the statement
of the Theorem is therefore a simplicial model structure.

The left properness of this model structure is a consequence of the left properness
for the ambient model category M.

Example 6.23. The case S = Sy for Theorem 6.22, and where M is the injective
model structure on sPre(%), gives the local projective structure of Blander [5] for
simplicial presheaves on %. The local projective structure, for the site of smooth
S-schemes with the Nisnevich topology, has seen extensive applications.

If M is still the injective model structure on sPre(%’), but the set of cofibrations
S is allowed to vary, then Theorem 6.22 gives the intermediate model structures for
simplicial presheaves of [43].

All intermediate model structures are right proper, because all S-fibrations are
local fibrations and pullbacks of local weak equivalences along local fibrations are
local weak equivalences by Lemma 4.30.

Example 6.24. Let (Sm/T)nis be the Nisnevich site of smooth schemes over a
scheme 7', and let M be the motivic model structure on the category of simpli-
cial presheaves on this site (Example 6.16). The case S = Sy of Theorem 6.22
for the motivic model structure M gives the projective motivic model structure for
sPre((Sm|7)nis) — see also [65]. Theorem 6.22 also gives a large collection of



130 6 Localization theories

other motivic model structures which are intermediate between the projective and
standard motivic model structures.

The model structure of Theorem 6.22 is cofibrantly generated, under an extra
assumption that is satisfied in the usual examples. This was proved for the original
intermediate model structures of Example 6.23 by Beke [4], whose method was to
verify a solution set condition. Beke’s argument can be deconstructed as in [43] to
give a basic and useful trick for verifying cofibrant generation in the presence of
some kind of cardinality calculus. That trick is reprised here, in the proof of Lemma
6.25 below.

The proof of Lemma 6.25 requires the assumption that the model structure M
satisfies a bounded cofibration condition. This means that there is an infinite cardinal
o such that, given a diagram

X
ii
Y

such that i and j are cofibrations, i is an M-trivial cofibration and A is a-bounded,
there is an o-bounded subobject B of Y which contains A such that the induced
cofibration BNX — M is a weak equivalence of M.

An M-trivial cofibration is a cofibration which is a weak equivalence of M.

All model structures given by Theorem 6.2 satisfy a bounded cofibration condi-
tion, by Lemma 6.5. A bounded cofibration condition for the injective model struc-
ture is proved independently in Lemma 5.2.

We shall also assume that o > |Mor(%')|, and that |D| < ¢ for all members
C — D of the set of cofibrations generating Cs.

Every a-bounded M-trivial cofibration i : A — B has a factorization

A——
J

Ji c
\ lm
L
B

such that j; is an S-cofibration, p; is an S-fibration and both maps are weak equiva-
lences of M. Write [ for the set of all S-cofibrations j; which are constructed in this
way.

A

Lemma 6.25. Suppose that, in addition to the assumption of Theorem 6.22, the
model structure M on the category sPre(€) satisfies a bounded cofibration con-
dition. Then the members of the set I generate the class of trivial S-cofibrations, and
the S-model structure is cofibrantly generated.

Proof. Suppose given a commutative diagram
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A X
1l
B Y

such that i is an o--bounded member of Cg and f is a weak equivalence of M. Then,
since B is a.-bounded, this diagram has a factorization

[

—_—

A—C—X

bl

B——D——Y

where j is a member of the set of S-cofibrations /.

In effect, by factorizing f = p - u where u is an M-trivial cofibration and ¢ is an
M- trivial fibration, we can assume that f is an M-trivial cofibration. The bounded
cofibration property then implies that there is a factorization

A—F —>X

B——F——Y

as above with v an a-bounded trivial cofibration. Factorize v = p, j, as above. The
object F' is a suitable extension of the image of B in Y, which image is ¢.-bounded.
Then p, is a trivial S-fibration and therefore has the right lifting property with re-
spect to i, and j, is the desired member of the set /.

Every trivial S-cofibration j : A’ — B’ has a factorization

U

N

Bl

such that f3 is an S-cofibration in the saturation of the set I and ¢ has the right lifting
property with respect to all members of I. Then ¢ is also a weak equivalence of
M, and therefore has the right lifting property with respect to all members of the
class Cg of S-cofibrations by the previous paragraph, since all generators of Cg are
a-bounded. It follows that the lifting problem

w L

B ——8
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has a solution, so that j is a retract of 3.



Chapter 7
Bisimplicial presheaves

7.1 Bisimplicial presheaves

Recall that a bisimplicial set X is a functor
X : A x AP — Set,

and a morphism of bisimplicial sets is a natural transformation of such functors.
Write X, , = X (p, q) for ordinal numbers p and q. Let s’Set denote the category of
bisimplicial sets.

The bisimplicial set hom( , (p,q)) which is represented by the pair of ordinal
numbers (p,q) is denoted by AP, and is called a standard bisimplex. The bisim-
plices are the cells for the category of bisimplicial sets.

As usual, the diagonal simplicial set d(X) is defined by

d(X)p=Xp,p.
This construction defines the diagonal functor
d : s*Set — sSet.

The diagonal functor has both a left adjoint ¢* and a right adjoint d,.. The left adjoint
d* is defined by extending the assignment

dEAT = AT
in a canonical way, while the right adjoint d. is defined by
d.(¥) g = hom(A7 x AY,Y),

All functorial constructions on bisimplicial sets extend to presheaves of bisimpli-
cial sets. Let €’ be a small Grothendieck site, and let s>Pre(%’) denote the category
of functors X : €°7 — s*Set and all natural transformations between them — this

133
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is the category of bisimplicial presheaves, or presheaves of bisimplicial sets on the
site €.

Say that a map f : X — Y of bisimplicial presheaves is a diagonal weak equiv-
alence if the induced simplicial presheaf map d(X) — d(Y) is a local weak equiv-
alence in the usual sense (Definition 4.1). A monomorphism of bisimplicial pre-
sheaves is a cofibration. An injective fibration of bisimplicial presheaves is a mor-
phism which has the right lifting property with respect to trivial cofibrations.

Suppose that 3 is a cardinal number. A bisimplicial presheaf A is said to be 8-
bounded if |A, 4,(U)| < B for all p,q > 0 and all objects U in €.

Suppose that ¢ is an infinite cardinal which is an upper bound for the site ¥ in
the sense that ¢ > |Mor(%’|. We have the following “bounded cofibration lemma”
for bisimplicial presheaves:

Lemma 7.1. Suppose that i : X — Y is a trivial cofibration of bisimplicial pre-
sheaves, and that A is an a-bounded subobject of Y. Then Y has an o-bounded
subobject B such that A C B and the cofibration BNX — B is a diagonal weak
equivalence.

Proof. There is an induced diagram

d(X)

b

d(A) — d(Y)

where i is a trivial cofibration of simplicial presheaves and d(A) is an a-bounded
subobject of d(Y). The bounded cofibration lemma for simplicial presheaves (this
result first appeared as Lemma 12 of [36]) implies that there is an a-bounded sub-
object Dy of d(Y) such that d(A) C Dy and D; Nd(X) — D is a local weak equiva-
lence. Since D is a-bounded there is an a-bounded subobject A of the bisimplicial
presheaf ¥ such that A C A} and D; C d(A;). Repeat this construction inductively
to find an ascending families of o-bounded subobjects

ACA I CAyC---CY

and
d(A)CDyCDyC---Cd(Y)

such that D; C d(A;4+1) and the map D; Nd(X) — D; is a local weak equivalence for
all i. Set B = U;A;. Then the map BNX — B of bisimplicial presheaves is a diagonal
weak equivalence.

Corollary 7.2. A map p : X — Y is an injective fibration of bisimplicial presheaves
if and only if it has the right lifting property with respect to all o-bounded trivial
cofibrations.

Proof. The proof is the usual Zorn’s lemma argument — see Lemma 5.4.
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Recall that every simplicial set K can be identified with a horizontally constant
bisimplicial set having the same name in a standard way, with K, ; = K,,. One also
uses the same notation for a bisimplicial set B and its associated constant simplicial
presheaf, so that B(U) = B for all objects U of €.

Lemma 7.3. A map q : Z — Y is an injective fibration and a diagonal weak equiv-
alence if and only if it has the right lifting property with respect to all o.-bounded
cofibrations.

Proof. 1f g has the right lifting property with respect to all a-bounded cofibrations,
then it has the right lifting property with respect to all cofibrations, by the usual
Zorn’s lemma argument. In this case, g has a section ¢ : ¥ — Z, and the lifting
exists in the diagram

(ogq,1)

Uz —————

ZXAI?Z?Y

It follows that the induced map d(qg) is a simplicial homotopy equivalence, and
hence a local weak equivalence.

Suppose that g is an injective fibration and a diagonal weak equivalence. Then g
has a factorization

Z—sx

RN

Y

such that p has the right lifting property with respect to all a-bounded cofibrations
and i is a cofibration. Then p is a diagonal weak equivalence, so the cofibration i is
a diagonal weak equivalence, and the lift exists in the diagram

~ N

T

~<—N

b

The map g is therefore a retract of the map p, and has the right lifting property with
respect to all o-bounded cofibrations.

The function complex hom(X,Y) for bisimplicial sets X and Y is the simplicial
set whose n-simplices are the bisimplicial set maps X x A" =Y.

Theorem 7.4. Suppose that € is a small Grothendieck site. Then, with the defini-
tions of cofibration, injective fibration and diagonal weak equivalence given above,
the category s*Pre(€) of bisimplicial sets has the structure of a cofibrantly gener-
ated closed simplicial model category.
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Properness for the model structure of Theorem 7.4 is proved in Corollary 7.7 below.

Proof. The axioms CM1, CM2 and CM3 are easy to verify: in particular, CM2
and CM3 are straightforward consequences of the corresponding statements for the
injective model structure on simplicial presheaves. Similarly, trivial cofibrations are
closed under pushout, so that Corollary 7.2 and Lemma 7.3 imply the factorization
axiom CMS. The lifting axiom CM4 also follows from Lemma 7.3. The cofibrant
generation follows from Corollary 7.2 and Lemma 7.3.

For the simplicial structure, we show that if i : A — B is a cofibration of bisimpli-
cial presheaves and j : K — L is a cofibration of simplicial sets, then the cofibration

(BxK)U(AXL) —»BxL

is trivial if either i or j is trivial, but this is a consequence of the corresponding
statement for simplicial presheaves.

Remark 7.5. The model structure of Theorem 7.4 is the diagonal structure on the
category of bisimplicial presheaves. This result specializes to give diagonal model
structures for all categories s2Set of small diagrams of simplicial sets and to the
category s”Set.

In particular, a cofibration for the diagonal structure on bisimplicial sets is a
monomorphism, a weak equivalences is a bisimplicial set map X — Y such that the
induced map d(X) — d(Y) is a weak equivalence of simplicial sets, and injective
fibrations are defined by a right lifting property with respect to trivial cofibrations.

The left adjoint
d* : sPre(€) — s*Pre(%)

of the diagonal functor
d : s*Pre(¢) — sPre(%)

therefore preserves cofibrations, and it preserves trivial cofibrations by a Boolean
localization argument (Proposition 4.26). It follows that the adjoint functors

d* : sPre(¢) = s°Pre(%) : d
define a Quillen adjunction, but we can say more:

Proposition 7.6. Suppose that € is a small Grothendieck site. Then the adjoint func-
tors
d* : sPre(€) = s*Pre(€) : d

define a Quillen equivalence between the injective model structure on simplicial
presheaves and the diagonal structure on bisimplicial presheaves on the site €.
Proof. The adjoint functors

d* : sSet = s”Set

define a Quillen equivalence between the standard model structure on simplicial sets
and the diagonal structure on bisimplicial sets.
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In effect, the adjunction map 1 : A" — dd*(A") can be identified up to isomor-
phism with the diagonal map A" — A" x A", which map is a weak equivalence.
The functors d and d* both preserve colimits, cofibrations and trivial cofibrations,
so an induction on skeleta shows that the adjunction map 17 : X — dd*(X) is a weak
equivalence for all simplicial sets X. A triangle identity argument then shows that
the natural map € : d*d(Y) — Y is a diagonal equivalence for all bisimplicial sets Y.

It follows that the adjunction maps 1 : X — d*d(X) and € : d*d(Y) — Y are
sectionwise weak equivalences for all bisimplicial presheaves X and simplicial
presheaves Y.

Corollary 7.7. The diagonal model structure on the category s*Pre(%) is proper.

Proof. All bisimplicial presheaves are cofibrant, so that pushouts of diagonal weak
equivalences along cofibrations are diagonal weak equivalences [24, I1.8.5].

The functor d* preserves cofibrations and weak equivalences, so that d preserves
fibrations. The functor d also preserves pullbacks. Thus, right properness for the
diagonal model structure on bisimplicial presheaves follows from right properness
for the injective structure on simplicial presheaves.

The Moerdijk model structure is another well known example of a model struc-
ture on the category s”Set of bisimplicial sets for which the weak equivalences are
the diagonal weak equivalences — see [54], and Section IV.3.3 of [24]. The Mo-
erdijk structure is induced from the standard model structure on simplicial sets, in
the sense that a bisimplicial set map X — Y is a fibration (respectively weak equiv-
alence) if and only if the induced map d(X) — d(Y) is a Kan fibration (respectively
weak equivalence) of simplicial sets. The Moerdijk structure is also Quillen equiva-
lent to the standard model structure on simplicial sets, via the diagonal functor and
its left adjoint.

Again, let o be an infinite cardinal such that o > |Mor(%)|.

Suppose that S is a set of cofibrations of bisimplicial presheaves which contains
the set Sp of all maps d*A — d*B which are induced by a-bounded cofibrations
A — B of simplicial presheaves. Suppose that S further satisfies the closure property
that if the map C — D is in §, then so is the induced cofibration

(DxdA")U(CxA™) = D x A",

for all n > 0. (Here, X x K, for a bisimplicial set X and a simplicial set K is the
product of X with the horizontally constant bisimplicial set associated to K.) Let Cs
be the saturation of the set S in the class of all cofibrations (monomorphisms) of the
bisimplicial presheaf category. We say that Cg is the class of S-cofibrations.

Say that a bisimplicial presheaf map p : X — Y is an S-fibration if it has the
right lifting property with respect to all S-cofibrations which are diagonal weak
equivalences.

The proof of the following result follows the outline established for Theorem
6.22:
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Theorem 7.8. The category s*Pre(%) of bisimplicial presheaves, together with the
S-cofibrations, diagonal weak equivalences and S-fibrations satisfies the axioms for
a proper closed simplicial model category. This model structure is cofibrantly gen-
erated.

Proof. Every map f : X — Y has a factorization

X 1>z

N

Y

where j is a member of Cs and ¢ has the right lifting property with respect to all

members of Cs. Then g, : d(Z) — d(Y) is a trivial injective fibration of simplicial

presheaves, so that g is a diagonal weak equivalence. The map ¢ is an S-fibration.
The map f : X — Y also has a factorization

X —=w
P

5
Y

where i is a trivial cofibration and p is a fibration for the diagonal model structure
of Theorem 7.4. The map p is an S-fibration. The cofibraton i has a factorization
i =gq- j as above, where j is an S-cofibration and ¢ is an S-fibration and a diagonal
equivalence. The map j is a diagonal equivalence, so that f has a factorization f =
(p-q) - j such that pg is an S-fibration and j is an S-cofibration and a diagonal
equivalence.

We have verified the model category axiom CMS. If p : X — Y is an S-fibration
and a diagonal equivalence, then it is a retract of a map which has the right lift-
ing property with respect to all S-cofibrations, giving CM4. The rest of the model
category axioms are trivial.

The simplicial model axiom SM7 is a consequence of the construction of the
class Cs and the instance of this axiom for the injective model structure on simpli-
cial presheaves. The left properness of this structure is an easy consequence of left
properness for the diagonal structure on s>Pre(%’), while right properness follows
from right properness for the injective structure on sPre(%).

The cofibrant generation is proved with the usual trick. Every a-bounded trivial
cofibration 8 : A — B has a factorization

Ji
A*ﬁ>ZB

DN

B
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as in the first paragraph, where jg is an S-cofibration and gg has the right lifting
property with respect to all S-cofibrations. Then both jz and gg are diagonal equiv-
alences. One shows that if i : C — D is an a-bounded S-cofibration and there is a
commutative diagram

C—X

I

D——Y

where f is a diagonal equivalence, then the diagram has a factorization

C—A——X

b

DHZI}HY

for some f.
Finally, if j : E — F is an S-cofibration and a diagonal equivalence, then j has a
factorization

E—>v

N

where p has the right lifting property with respect to all jg and i is in the satura-
tion of the set of all maps jgz. But then j and p are diagonal equivalences, and the
construction of the last paragraph shows that p has the right lifting property with
respect to all members of Cg, so that i is a retract of j. This means that the set of all
maps jg generates the class of trivial cofibrations in the model structure defined by
the set of cofibrations S.

Say that the model structure of Theorem 7.8 is the S-model structure on the
category of bisimplicial presheaves.

The Sp-model structure on bisimplicial sets (for whatever infinite cardinal o) is
the Moerdijk structure, and the So-model structure for bisimplicial presheaves is a
locally defined analogue of the Moerdijk structure. An obvious comparison with the
various intermediate model structures for simplicial presheaves of Theorem 6.22
says that the Sp-model structure for bisimplicial presheaves is a “projective” model
structure, while the diagonal model structure of Theorem 7.4 is an “injective” model
structure, and all S-model structures have classes of cofibrations lying between these
two extremes.
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7.2 Bisimplicial sets

Suppose that K and L are simplicial sets, and let K X L be the bisimplical set defined
by
(KXL)pg=KpxLy.

The bisimplicial set K X L is the external product of K and L.

Examples: 1) The standard bisimplex A”+¢ has the form
AP = AP X AL,

2) Set
AP = (JAP X AT) U (AP DAT) C AP AT = AP,

Then the boundary 8A_P=q of the bisimplex A”9 is generated as a subcomplex by the
images of the maps (d’,1) : AP~19 — AP4 and (1,d/) : AP9~1 — AP,

The following statement about simplicial sets is well known — it is sometimes
called the Eilenberg-Zilber Lemma (see [15, (8.3)]) and is used, however silently
[24, 1.2.3], in discussions of the standard skeletal decomposition of a simplicial set.
The proof is usually left as an exercise.

Lemma 7.9. Suppose that x,y are non-degenerate simplices of a simplicial set X,
and suppose that s,t are ordinal number epimorphisms such that s*(x) =t*(y). Then
x=yands=t.

Suppose that X is a bisimplicial set and that x € X}, ;. The number p + ¢ is the
total degree of x.

Suppose that A is a subcomplex of a bisimplicial set X and that x € X, , is a
bisimplex of X — A of minimal total degree. Write x : A”? — X for the classifying
map of the bisimplex x. The bisimplices (d;, 1)(x) and (1,d;)(x) have smaller total
degree than x and are therefore in A, and it follows that there is a pullback diagram

oArd % s A

|

APS —— X

of bisimplicial set maps.

Lemma 7.10. Suppose that A is a subcomplex of a bisimplicial set X and that x €
Xy 4 is a bisimplex of X — A of minimal total degree. Form the pushout

oAPd L= A

L

AP4——B
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Then the induced bisimplicial set map B — X is a monomorphism.

Proof. If x = s(y) for some degeneracy s (vertical or horizontal), then y has smaller
total degree, and so y € A and x € A. It follows that x is vertically and horizontally
non-degenerate.

There is a decomposition

By =A,sU{uxv:rxs—pxq,u,vepi}.

in all bidegrees.

If a € A, and u x v have the same image in X, then a = (u x v)*(x) is in A so that
X € A by applying a suitable section of u x v, which can’t happen. The restriction of
B;.s — X5 t0 A, is the monomorphism i : A, ; — X,.. Finally, if the epis u x v,u’ x V' :
r X s — p X q have the same image in X, then (u x v)*(x) = (¢ x v/)*(x) in X.

The bisimplex (1 x v)*(x) is horizontally non-degenerate. Otherwise,

(Ixv)*(x) = (s x 1)"(y)
for some y and non-trivial ordinal number epi s, and if d is a section of v then
x=(1xd)"(Ixv)*(x)=(1xd)*"(sx D)*(y) = (sx 1)*(1 xd)*(y)

so that x is horizontally degenerate. Similarly, (1 x v/)*(x) is horizontally non-
degenerate, and so Lemma 7.9 and the relations

(ux 1) (1 xv) (x) = @ x 1)* (1 xV)*(x)
together imply that u = ' and (1 x v)*(x) = (1 x v/)*(x), so thatv =/

Corollary 7.11. The set of inclusions dAP4 C AP generates the class of cofibra-
tions of s Set.

The class .7 of anodyne extensions of s*Set is the saturation of the set of bisim-
plicial set maps S, which consists of all morphisms

(AFXA*)U(A"XIA®) C A"XAS =A™
as well as all morphisms
(A" XA%)U (A’>~<AJS-) CA"XA*=A"
The class ./ contains the set of all cofibrations
(AXD)U (BXC) C BXD

induced by cofibrations A — B and C — D, where one of the two maps is a trivial
cofibration of simplicial sets. The diagonal of such a map is the trivial cofibration

(AxD)U(BxC)CBxD.
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in simplicial sets.
In particular, we have the following:

Lemma 7.12. Every anodyne extension of bisimplicial sets is a diagonal weak
equivalence.

Say that a map p : X — Y of bisimplicial sets is a Kan fibration if it has the right
lifting property with respect to all anodyne extensions. Every injective fibration is a
Kan fibration.

The purpose of this section is to prove the converse assertion, so that the injec-
tive fibrations of bisimplicial sets are precisely the Kan fibrations. This statement
appears as Theorem 7.22 below.

Suppose that X is a bisimplicial set and that K is a simplicial set. Recall that the
bisimplicial set X x K has

(X X K)pg=Xpq*xKy.
There is a natural isomorphism
d(X xK)=d(X)xK.

The construction (X,K) — X x K preserves diagonal weak equivalences in bisim-
plicial sets X and weak equivalences in simplicial sets K.

Lemma 7.13. Suppose that i : A — B is a cofibration of bisimplicial sets and that
Jj : K — Lis a cofibration of simplicial sets. Then the induced map

(i,/)s: (BXK)U(AXL) = BxL

is a cofibration which is an anodyne extension if either i or j is an anodyne exten-
sion.

Recall that an anodyne extension of simplicial sets is a trivial cofibration.

Proof. The map
(A" xK)U(dA™ x L) = A™ X L

can be identified with the map
(A"X(A° X L))U(A"X((dA° x L)U(A®* X K))) = A"X(A* x L),

which is a cofibration.
The simplicial set map

(9A° X L)U(A° X K) — A* x L

is an anodyne extension if j is anodyne, so that (i, j). is an anodyne extension in
general if j is anodyne.
The remaining statements have similar proofs.



7.2 Bisimplicial sets 143

Suppose that X and Y are bisimplicial sets. The collection of bisimplicial set
maps
XxA" =Y

is the set of n-simplices of the simplicial set hom(X,Y).If p: X — Y is a Kan fibra-
tion and A is a bisimplicial set, then he induced map p. : hom(A,X) — hom(A,Y) is
a fibration of simplicial sets since all maps A x A' — A x A" are anodyne extensions
by Lemma 7.13.

If f:A—Y is a map of bisimplicial sets, then f is a vertex of the simplicial set
hom(A,Y), and we can form the pullback diagram

homy (A,X) —— hom(A,X)

ﬁ hom(A,Y)

The simplicial set homy (A,X) is a Kan complex since p is a Kan fibration.
The n-simplices of homy (A, X) are commutative diagrams of the form

AXA" ——=X

A—Y

I

It follows that the functor sSet/Y — sSet which takes an object f : A — Y to the
simplicial set homy (A,X) has a left adjoint which takes a simplicial set K to the
object

AxkXaly.

A—"—>B
Y
of bisimplicial sets over Y is said to be an anodyne equivalence over Y if the sim-
plicial set maps

A map

homy (B,X) @, homy (A,X)

are weak equivalences for all Kan fibrations p: X — Y.

Lemma 7.14. Suppose that the map A LBy of bisimplicial sets over Y is de-
fined by a cofibration a, and suppose that p : X — Y is a Kan fibration. Then the
induced map

o :homy (B,X) — homy (A, X)
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is a Kan fibration. If « is an anodyne extension, then o* is a trivial Kan fibration.

Proof. Use Lemma 7.13 to see that the lifting exists in all diagrams

(BXA)UAXA") ——= X

BxA"— B——Y

Similarly, if & : A — B is an anodyne extension, then the lifting exists in all diagrams

(BxdA")UAXA") ———= X

n
Bx A" — B—>Y

so that o* is a trivial fibration.

Corollary 7.15. Suppose that o : A — B is an anodyne extension. Then any map
AL By of bisimplicial sets over Y is an anodyne equivalence.

Lemma 7.16. If f : K — K’ and g : L — L' are weak equivalences of simplicial sets,
then any map
fXg:KXL—K XL —Y

is an anodyne equivalence of bisimplicial sets overY .
Proof. We show that the map
fx1:KXL—>KXL—Y

is an anodyne weak equivalence.
This is true if f is a trivial cofibration by Corollary 7.15, and is therefore true in
general since all simplicial sets are cofibrant.

If X is a bisimplicial set, then the simplicial set maps
A" X Xy — Xam
induce bisimplicial set maps
Yo A"XX, — X.

The bisimplicial set X has a natural filtration sk, X by (horizontal) skeleta, and there
are natural pushout diagrams
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S[r]Xn,1 SALI S[r]Xn 7.1

L

Xy —— S[r411Xn
r+1

and
(A" sy X0 ) U QA" X4 1) — sk, X (7.2)

| |

AR Xy ———————>sky1 X
in bisimplicial sets, in which the vertical maps are cofibrations.

Lemma 7.17. Suppose that A i) B — Y is a map of bisimplicial sets over Y such
that the map f : A, — By, is a weak equivalence of simplicial sets in each horizontal
degree n. Then the map f is an anodyne weak equivalence over Y.

Proof. Suppose that p : X — Y is a Kan fibration.

The functor which takes A — Y to homy (4, X) has a left adjoint, and takes cofi-
brations to Kan fibrations by Lemma 7.14. It follows that anodyne weak equiva-
lences satisfy a patching property for pushouts along cofibrations. One can then
show inductively that the maps sj4A — 5B — Y and sk, A — sk, B — Y are ano-
dyne equivalences over Y.

The vertical maps in the diagram

Sk()A Sk1 A Ssz
sko B sk; B sk, B

are anodyne weak equivalences, and the horizontal maps are cofibrations. It follows
that the induced map

homy (B, X) = @homy(sknB,X) — @homy(sknA,X) =homy (A,X)

is a weak equivalence.

Lemma 7.18. Suppose that the map
T
Z——W
N
Y

of bisimplicial sets over Y is defined by a trivial fibration &t : Z — W. Then the map
7 : f — g is an anodyne equivalence.
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Proof. The composite

ZxA' Mzl x

is a cylinder for f in s>Set/Y.

The map 7 is a trivial fibration of s>Set/Y, and all objects of this category are
cofibrant. It follows that the map 7 : f — g is a fibre homotopy equivalence, in the
sense that one uses the cylinder above. If the maps o, : Z — W — X are fibre
homotopic, then they induce the same maps

o, B* :homy (W,X) — homy (Z,X)

in the homotopy category for simplicial sets, for all Kan fibrations p : X — Y. It
follows that the map

* :homy (W,X) — homy (Z,X)

induces an isomorphism in the homotopy category, and is therefore a weak equiva-
lence of simplicial sets for all Kan fibrations p: X — Y.

Lemma 7.19. Suppose that every weak equivalence  : f — g over a bisimplicial
set Y is an anodyne equivalence. Then every Kan fibration p : X — Y is a diagonal
fibration.

Proof. Suppose we have a lifting problem

A——
J/ A
B——
where i is a trivial cofibration and p is a Kan fibration. There is a commutative

diagram
A
B

such that j4 and jp are anodyne extensions and p4 and pp are Kan fibrations. There
is a lifting @ making the diagram

’*<<—><

H_LA

N
B/

HL

N

since p is a Kan fibration and j4 is an anodyne extension. Find a factorization
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LA*>LB

N /-

such that 7 is a trivial fibration and j is a cofibration. Then 7 is an anodyne equiva-
lence (Lemma 7.18), so that the cofibration j is an anodyne equivalence.
Now consider the lifting problem

IA—2>X

Z*M Y

Generally, every Kan fibration p : X — Y has the right lifting property with respect to
all cofibrations j : C — D which are anodyne equivalences, since the corresponding
maps homy (D, X) — homy (C,X) are trivial fibrations and are therefore surjective
in degree 0. It follows that the indicated lifting y exists.

Finally, there is a commutative diagram

where the indicated lift exists since i is a cofibration and 7 is a trivial fibration.
Lemma 7.20. Suppose that in the diagram
f
X———Y
AP4

the map f is a diagonal weak equivalence. Then this diagram is an anodyne equiv-
alence over AP,

Proof. We can suppose that the maps 7 and 7’ are Kan fibrations.
If m: X — AP is a Kan fibration, then all maps

X, — | | A

n—p
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are fibrations of simplicial sets, and all diagrams

9*
Xn E—— Xm

| i

|_|n—>p Al T> |_|m—>p Al

are homotopy cartesian. In particular, the bisimplicial set X is determined by sim-
plicial sets X, one for each ¢ : n — p, and weak equivalences X — Xg9 Which
are functorial in maps between simplices of A”. Write (X)) for the homotopy col-
imit of the diagram ¢ — X, it is convenient in this case to write A(X) = hﬂ Us
where Us — X, is a projective cofibrant model for the diagram ¢ +— X5. All maps
X — h(X) are weak equivalences by Quillen’s Theorem B, and so the bisimplicial
setmap 7 : X — AP4 is levelwise equivalent (hence anodyne equivalent, by Lemma
7.17) to a map AP Xh(X) — AP4. This identification is natural in Kan fibrations 7,
so the commutative diagram

- 1X f -
APSR(X) — AP (Y)

N

AP X A1

is anodyne equivalent to the original. The map 1X f; is a diagonal equivalence, so
that the simplicial set map f : h(X) — h(Y) is a weak equivalence. It follows from
Lemma 7.16 that the map 1X f; is an anodyne equivalence, as is the map f.

The following result is then a consequence of Lemma 7.19 and Lemma 7.20:
Corollary 7.21. Every Kan fibration p : X — AP is a diagonal fibration.

Theorem 7.22. The map p : X — Y is a diagonal fibration if and only if it is a Kan
fibration.

Proof. We show that every Kan fibration which is a diagonal weak equivalence has
the right lifting property with respect to all cofibrations.

Suppose that this is so, and let i : A — B be a cofibration which is a diagonal weak
equivalence. Find a factorization

such that j is anodyne and p is a Kan fibration. Then, subject to the claim of the
first paragraph, the map p is a diagonal weak equivalence and the lifting exists in
the diagram
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Then i is a retract of j, and is therefore an anodyne extension. Thus, the classes
of diagonal trivial cofibrations and anodyne extensions coincide, so the classes of
diagonal fibrations and Kan fibrations coincide.

Suppose that p : X — Y is a Kan fibration and a diagonal equivalence. Form the
pullback diagrams
p o) —=X (7.3)

for all bisimplices o. If

Al — > AP
x %
Y

is a map of simplices, then the maps p. in the pullback diagram

p (1) —=p'(0)

p*l lp*

AP ———— AP

are diagonal fibrations by Corollary 7.21, so that the map p~!(7) — p~!(0) is a
diagonal equivalence. It follows from Quillen’s Theorem B that all diagrams (7.3)
are homotopy cartesian for the diagonal model structure.

It follows in particular that the maps p, are diagqonal equivalences, so that the
lifts exist in all diagrams

dArs —= p~'(o)

The map p : X — Y is therefore a trivial diagonal fibration.
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Chapter 8
Homology sheaves and cohomology groups

8.1 Chain complexes

Suppose that € is a fixed Grothendieck site, and suppose that R is a presheaf of
commutative rings with unit on €.

Write Preg = Preg(%) for the category of R-modules, or abelian presheaves
which have an R-module structure. Then sPreg is the category of simplicial R-
modules, Chy (Preg) is the category of positively graded (ie. ordinary) chain com-
plexes in Preg, and Ch(Preg) is the category of unbounded chain complexes in
Prey.

Much of the time in applications, R is a constant presheaf of rings such as Z or
Z/n. In particular, Prey is the category of presheaves of abelian groups, sPrez is
presheaves of simplicial abelian groups, and Ch(Z) and Ch (Z) are categories of
presheaves of chain complexes. The category Prez, is the category of n-torsion
abelian presheaves, and so on.

All of these categories have corresponding sheaf categories, based on the cat-
egory Shvy of sheaves of R-modules. Thus, sShvg is the category of simplicial
sheaves in R-modules, Ch, (Shvg) is the category of positively graded chain com-
plexes in Shvg, and Ch(Shvg) is the category of unbounded complexes.

There is a free R-module functor

R : sPre(€) — sPreg,

written X — R(X) for simplicial presheaves X, where R(X), is the free R-module
on the presheaf X,,. This functor is left adjoint to the obvious forgetful functor

u: sPreg — sPre(%).

The sheaf associated to R(X) is denoted by R(X).
I shall also write R(X) for the associated (presheaf of) Moore chains on X, which
is the complex with R(X), in degree n and boundary maps

153
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=Y (—1)d;:R(X), — R(X)n_1.

-

i=0

The homology sheaf H,(X,R) is the sheaf associated to the presheaf H,(R(X)).
More generally, if A is an R-module, then H,(X,A) is the sheaf associated to the
presheaf H,(R(X) ® A).

The normalized chains functor induces a functor

N : sPreg — Ch, (Preg),

which is part of an equivalence of categories (the Dold-Kan correspondence [24,
111.2.3])
N : sPreg ~ Ch, (Preg) : I'.

The normalized chain complex NA is the complex with
NA, =N~} ker(d;)

and boundary
Jd= (—1)ndn :NA, — NA,_1.

It is well known [24, I11.2.4] that the obvious natural inclusion NA C A of NA in the
Moore chains is split by collapsing by degeneracies, and this map induces a natural
isomorphism

H.(NA) 2 H.(A)

of homology presheaves, and hence an isomorphism
H,.(NA) = H,(A)
of homology sheaves.

Lemma 8.1. Suppose that f : X — Y is a local weak equivalence of simplicial
presheaves. Then the induced map f, : R(X) — R(Y) of simplicial R-modules is
also a local weak equivalence.

Proof. Itis enough to show thatif f: X — Y is a local equivalence of locally fibrant
simplicial sheaves, then f; : R(X) — R(Y) is alocal equivalence of simplicial abelian
sheaves, where R is a sheaf of rings.

It suffices to assume that the map f: X — Y is a morphism of locally fibrant
simplicial sheaves on a complete Boolean algebra 4, since the inverse image func-
tor p* for a Boolean localization p : Shv(#) — Shv(%) commutes with the free
R-module functor.

In this case, the map f: X — Y is a sectionwise weak equivalence, so that f; :
R(X) — R(Y) is a sectionwise weak equivalence, and so the map f. : R(X) — R(Y)
of associated sheaves is a local weak equivalence.
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Remark 8.2. At one time, Lemma 8.1 and its variants were forms of the Illusie con-
Jjecture . There are various proofs of this result in the literature: the earliest, by van
Osdol [64], is one of the first applications of Boolean localization. See also [31].

Suppose that A is a simplicial abelian group. Then A is a Kan complex, and we
know [24, I11.2.7] that there is a natural isomorphism

7,(A,0) = H,(NA)
for n > 0. There is a canonical isomorphism
7a(A,0) = m,(A, )

which is defined for any a € A by [a] — [ + a] where we have written a for the
composite
A" — A" 5 A

The collection of these isomorphisms, taken together, define isomorphisms

T(A,0) x Ag ——= m,A

N/

of abelian groups fibred over A, and these isomorphisms are natural in simplicial
abelian group homomorphisms.

Lemma 8.3. A map A — B of simplicial R-modules induces a local weak equiva-
lence u(A) — u(B) of simplicial presheaves if and only if the induced map NA — NB
induces an isomorphism in all homology sheaves.

Proof. If NA — NB induces an isomorphism in all homology sheaves, then the map
fip(A) — fip(B) and all maps 7, (A,0) — 7,(B,0) are isomorphisms of sheaves. The
diagram of sheaves associated to the presheaf diagram

7, (A,0) x Ag — 7, (B,0) X By

l |

is a pullback if and only if the map #,(A,0) — 7#,(B,0) is an isomorphism of
sheaves.

Corollary 8.4. Suppose given a pushout diagram
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A—=C

B——D

in simplicial R-modules, such that the map i is a monomorphism and a homology
sheaf isomorphism. Then the induced map i, is a homology sheaf isomorphism.

Proof. The cokernel of the monomorphism i, is B/A, which is acyclic in the sense
that A, (B/A) = 0. The Moore chains functor is exact, and the short exact sequence

05C5DB/A—0

of simplicial R-modules induces a long exact sequence

o= Ha(C) 25 A, (D) — Ay(BJA) S 1 (A) — ...
2y Ao (C) =5 Hy(D) — Ho(BJA) — 0

in homology sheaves. It follows that all maps

,(C) % H,(D)

are isomorphisms.

Say that a map f : A — B of simplicial R-modules is a local weak equivalence
(respectively injective fibration) if the simplicial presheaf map u(A) — u(B) is a
local weak equivalence (respectively injective fibration).

A cofibration of simplicial R-modules is a map which has the left lifting property
with respect to all trivial injective fibrations.

In view of Lemma 8.3, f : A — B is a local weak equivalence if and only if the
induced maps NA — NB and A — B of normalized and Moore chains, respectively,
are homology sheaf isomorphisms. Homology sheaf isomorphisms are often called
quasi-isomorphisms .

If i: A — B is a cofibration of simplicial presheaves, then the induced map
i : R(A) — R(B) is a cofibration of simplicial R-modules. The map i, is a monomor-
phism, because the free R-module functor preserves monomorphisms.

Analogous definitions are available for maps of simplicial sheaves of R-modules.
Say that amap f : A — B in sShvy is a local weak equivalence (respectively injec-
tive fibration) if the underlying simplicial sheaf map u(A) — u(B) is a local weak
equivalence (respectively injective fibration). Cofibrations are defined by a left lift-
ing property with respect to trivial fibrations.

If i : A — B is a cofibration of simplicial presheaves, then the induced map i, :
R(A) — R(B) is a cofibration of sShvg. This induced map is also a monomorphism.

Theorem 8.5. 1) With these definitions, the category sPreg of simplicial R-modules
satisfies the axioms for a proper closed simplicial model category. This model
structure is cofibrantly generated.
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2) With these definitions, the category sShvg of simplicial sheaves of R-modules
satisfies the axioms for a proper closed simplicial model category. This model
structure is cofibrantly generated.

3) The inclusion and associated sheaf functors define a Quillen equivalence

L*: sPrep < sShvy @ i
between the (injective) model structures of parts 1) and 2).

Proof. The injective model structure on sPre is cofibrantly generated. It follows
from this, together with Lemma 8.1 and Corollary 8.4, that every map f : A — B of

sPrey has factorizations
C
SN
A 4f> B
N

D

such that p is an injective fibration, i is a trivial cofibration which has the left lifting
property with respect to all fibrations, g is a trivial injective fibration, j is a cofi-
bration, and both i and j are monomorphisms. This proves the factorization axiom
CMS. It follows as well that every trivial cofibration is a retract of a map of the form
i and therefore has the left lifting property with respect to all fibrations, giving CM4.
The remaining closed model axioms for the category sPreg of simplicial R-modules
are easy to verify.

The generating set A — B of cofibrations (respectively trivial cofibrations) for
simplicial presheaves induces a generating set R(A) — R(B) of cofibrations (respec-
tively trivial cofibrations) for the category of simplicial R-modules.

The simplicial structure is given by the function complexes hom(A, B), where
hom(A, B), is the abelian group of homomorphisms

A®R(A™) — B.

If A — B is a cofibration of simplicial presheaves and j: K — L is a cofibration of
simplicial sets, then the cofibration

(BXxK)U(AXL)CBXL
induces a cofibration
(R(B) ®R(K))U (R(A) ®R(L)) C R(B) ®R(L)

which is a local weak equivalence if either A — B is a local weak equivalence or
K — L is a weak equivalence of simplicial sets, by Lemma 8.1 and Corollary 8.4.
It follows by a saturation argument that if C — D is a cofibration of sPreg, then the
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map
(D®R(K))U(CRR(L)) - D®R(L)

is a cofibration, which is a local weak equivalence if either C — D is a local weak
equivalence or K — L is a weak equivalence of simplicial sets.

Left properness is proved with a comparison of long exact sequences in homol-
ogy sheaves, which starts with the observation that every cofibration is a monomor-
phism. Right properness is automatic from the definition of injective fibration, and
the corresponding property for simplicial presheaves.

The proof of statement 2), for simplicial sheaves of R-modules is completely
analogous, and the verification of 3) follows the usual pattern.

We shall often write
ARK=ARR(K)

(sectionwise and degreewise tensor product) for a simplicial R-module A and a sim-
plicial presheaf K.
The Dold-Kan correspondence

N : sPreg ~ Ch, (Preg) : I'.

induces an injective model structure on the category Ch (Preg) of presheaves of
chain complexes from the corresponding model structure on the category sPreg of
simplicial modules given by Theorem 8.5.

A morphism f : C — D of Ch, (Preg) is said to be a local weak equivalence
(respectively cofibration, injective fibration) if the induced map f, : I'C —-I'Dis a
local weak equivalence (respectively cofibration, injective fibration) of sPreg.

Similar definitions are made for chain complexes in sheaves of R-modules, with
respect to the model structure on sheaves of simplicial R-modules.

Then we have the following:

Corollary 8.6. 1) With these definitions, the category Chy (Preg) of chain com-
plexes in R-modules satisfies the axioms for a proper closed simplicial model
category. This model structure is cofibrantly generated.

2) With these definitions, the category Chy(Shvg) of chain complexes in sheaves
of R-modules satisfies the axioms for a proper closed simplicial model category.
This model structure is cofibrantly generated.

3) The inclusion and associated sheaf functors define a Quillen equivalence

L*: Ch, (Preg) = Ch, (Shvg) : i
between the (injective) model structures of parts 1) and 2).

Remark 8.7. Every injective fibration p : C — D of Ch (Preg) corresponds to an
injective fibration p, : I'C — I'D of simplicial R-modules. The map p. is a Kan
fibration in each section (Lemma 5.12), so that the maps p : C, — D,, are surjective
in all sections for n > 1 [24, 111.2.11]. The traditional identification of fibrations of
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simplical abelian groups with chain complex morphisms that are surjective in non-
zero degrees fails for the injective model structures of Theorem 8.5 and Corollary
8.6. Chain complex morphisms C — D which are local epimorphisms in non-zero
degrees correspond to local fibrations under the Dold-Kan correspondence.

The identification of cofibrant chain complexes with complexes of projective
modules also fails for the injective model structures.

8.2 The derived category

Every ordinary chain complex C can be identified with an unbounded chain complex
C(0) by putting 0 in negative degrees. The right adjoint of the resulting functor is
the good truncation D — Try D at level 0, where

Tee D ker(d : Dy — D_;) ifn=0,and
T =
7 o, if n>0.

If D is an unbounded complex and n € Z, then the shifted complex D|n] is defined
by
Din]p = Dpn-

If C is an ordinary chain complex mand n € Z, define the shifted complex C[n]
by
Cln] = Tro(C(0)[n]).

Suppose that n > 0. Then C[—n] is the complex with C[—n], = C,_, for p > n
and C[—n], = 0 for p < n. Also, C|n] is the complex with C[n], = C,, for p >0
and

Clnjo =ker(d : C, — Cp_1).

There is, further, an adjunction isomorphism
hom(C[—n],D) = hom(C, Din])

for all n > 0.

In particular, the functor C — C[—1] is a suspension functor for ordinary chain
complexes, while C — C[1] is a loop functor. The suspension functor is left adjoint
to the loop functor.

A spectrum D in chain complexes consists of chain complexes D", n > 0, together
with chain complex maps

c:D"[—1] = D"!

called bonding morphisms . A morphism of spectra f : D — E in chain complexes
consists of chain complex maps f : D" — E" which respect structure in the sense
that the diagrams
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1 LA prtl

D'[—1]
f[—l]i J/f
E”[—]} — gntl

[

commute. We shall write Spt(Ch_ ( )) to denote the corresponding category of spec-
tra , wherever it occurs. For example, Spt(Ch, (Preg)) is the category of spectra in
chain complexes of R-modules.

Example 8.8. Suppose that E is an unbounded chain complex. There is a canonical
map
6 : (TroE)[—1] — Tro(E[—1])

which is defined by the diagram

ker(d) — Ey

| |

0 — ker(d)
Replacing E by E[—n] gives maps
o < (Tro(E[=n]))[~1] o (E[-n—1]).
These are the bonding maps for a spectrum object Tr(E) with
Tr(E)" = Tro(E[—n]).

Thus, every unbounded chain complex E defines a spectrum object Tr(E) in chain
complexes.

Example 8.9. If C is a spectrum object in chain complexes, the maps
C"(0)[-1] = C"[~1](0) = €"1(0)

have adjoints C"(0) — C"*1(0)[1] in the category of unbounded chain complexes.
Write C(0) for the colimit of the maps

c%(0) = Cc'(0)[1] = C?(0)[2] — ...

n

in the unbounded chain complex category. Then it’s not hard to see that Tr(C(0))
is naturally isomorphic to the colimit of the diagram of chain complexes

C" = C1 = 2]
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and that the adjoint bonding maps Tr(C(0))" — Tr(C(0))"*![1] are the isomor-
phisms determined by the diagrams

ct—» Cn+l [1] o Cn+2[2] —_— ...

N

(1] — C"2[2] —— "3 [3] —— -+
There is a canonical map
n : C — Tr(C(0)),
defined by maps to colimits. One usually writes
0C =Tr(C(0)).

Lemma 8.10. The suspension functor C — C|[—1] preserves cofibrations of chain
complexes.

Proof. Tt is enough to show that the functor X — NR(X)[—1] takes cofibrations of
simplicial presheaves X to cofibrations of Ch. (Preg).
But
R(X) = R.(X,),

where R, (X} ) is the reduced part of the complex R(X ) associated to X; = X LI {*},
pointed by *. The functor Y — R.Y is left adjoint to the forgetful functor from sPreg
to pointed simplicial presheaves, and therefore preserves cofibrations.
Also,
W(R.Y) = R.(ZY),

where XY is the Kan suspension of the pointed simplicial presheaf Y, and the Kan
suspension preserves cofibrations of pointed simplicial sets (or presheaves) [24,
II1.5]. The isomorphism

N(W(R.Y)) 2 NR,Y[1]
defines the simplicial R-module W (R.Y).

Say that amap f : E — F of spectra in chain complexes is a strict weak equiva-
lence (respectively strict fibration) if all maps f : E" — F" are local weak equiva-
lences (respectively injective fibrations).

A cofibration is a map i : A — B of spectrum objects such that

1) the map A? — B is a cofibration of chain complexes, and
2) all induced maps
Bn[—l]UAn[,I]AnJrl _>Bn+1

are cofibrations.
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It follows from Lemma 8.10 that if i : A — B is a cofibration of spectrum objects
then all component maps i : A” — B" are cofibrations of chain complexes.

Lemma 8.11. With the definitions of strict equivalence, strict fibration and cofibra-
tion given above, the category Spt(Ch, (Preg)) satisfies the axioms for a proper
closed simplicial model category.

The proof of Lemma 8.11 is a formality, and is a standard exercise from stable
homotopy theory. The model structure of Lemma 8.11 is the strict model structure
for the category of spectra in chain complexes.

Say that a map f : A — B of spectrum objects in chain complexes is a stable
equivalence if the induced map f, : QA — OB is a strict equivalence.

In view of the examples above, this means precisely that the induced map f; :
A(0) — B(0) of unbounded complexes is a stable equivalence if and only if it is
a homology sheaf isomorphism. Also a map g : E — F of unbounded complexes
induces a stable equivalence g, : Tr(E) — Tr(F) if and only if g is a homology
sheaf isomorphism.

A map p : C — D of spectrum objects is a stable fibration if and only if it has
the right lifting property with respect to all maps which are cofibrations and stable
equivalences.

Proposition 8.12. The classes of cofibrations, stable equivalences and stable fibra-
tions give the category Spt(Chy (Preg)) the structure of a proper closed simplicial
model category.

Proof. The proof follows the “Bousfield-Friedlander script” [7], [24, X.4]. Itis a
formal consequence of the following assertions:

A1 The functor Q preserves strict weak equivalences.

A2 The maps ngc and Q(1)¢) are strict weak equivalences for all spectrum objects
C.

A3 The class of stable equivalences is closed under pullback along all stable fibra-
tions, and is closed under pushout along all cofibrations.

Only the last of these statements requires proof, but it is a consequence of long
exact sequence arguments in homology in the unbounded chain complex category.
One uses Lemma 8.10 to show the cofibration statement. The fibration statement is
proved by showing that every stable fibration p : C — D is a strict fibration, and so
the induced map C(0) — D(0) of unbounded complexes is a local epimorphism in
all degrees.

The model structure of Proposition 8.12 is the stable model structure for the
category of spectrum objects in chain complexes of R-modules. The associated ho-
motopy category

Ho(Spt(Ch. (Preg)))

is the derived category for the category of presheaves (or sheaves) of R-modules.
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8.3 Abelian sheaf cohomology

Suppose that C is a chain complex, with associated simplicial abelian object I'(C),
and that X is a simplicial presheaf. Recall that the cocycle category h(X,I"(C)) has
for objects all pairs of maps

14

The morphisms (f,g) — (f,g’) of h(X,I'(C)) are the commutative diagrams of
simplicial set maps

X r)

The category h(X,I"(C)) is isomorphic, via adjunctions, to two other categories:

1) the category whose objects are all pairs
xLu, zw) 4 o),

where Z(U) is the free simplicial abelian presheaf on U and g is a morphism of
simplicial abelian presheaves, and
2) the category whose objects are all pairs

xLu, Nzw) S,

where N is the normalized chains functor and g is a morphism of chain com-
plexes.

Write 7(C, D) for the abelian group of chain homotopy classes of maps C — D
between chain complexes C and D, and write [¢t] for the chain homotopy class of a
morphism ¢ : C — D.

There is a category iy (X, C) whose objects are all pairs

xdv, zw) ¥,
where Z(U) denotes the Moore complex associated to the simplicial abelian object
Z(U) having the same name, and [g] is a chain homotopy class of morphisms of
chain complexes. A morphism 0 : (f,[g]) — (f’,[g']) is a simplicial presheaf map
0 which makes the diagrams
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U ZU
(I

|

\% Z(V) (€]

- '
X 6. C

N el
commute.

Recall that there are natural chain maps i : NZ(U) — Z(U) and p : Z(U) —
NZ(U) such that p-i is the identity on NZ(U ) and that i - p is naturally chain homo-
topic to the identity on the Moore complex Z(U) [24, 111.2.4].

The category /(X ,C) can then be identified up to isomorphism, via precompo-
sition with the natural map i, with the category whose objects are the pairs

xLu, Nzw) B e,
and whose morphisms 0 : (f,[g]) — (f',[¢']) are maps 6 of simplicial presheaves
such that the diagrams

commute.

Lemma 8.13. Suppose given chain maps o.,3 : NZ(U) — C which are chain ho-
motopic, and suppose that f: U — X is a local weak equivalence of simplicial
presheaves. Then the cocycles (f,a) and (f,B) represent the same element of
moh(X,IT(C)).

Proof. Chain homotopies are defined by path objects for the projective model struc-
ture on the category of ¢’ °P-diagrams (with sectionwise weak equivalences). Choose
a projective cofibrant model 7 : W — U for this model structure. If there is a chain
homotopy a ~ 8 : NZ(U) — C, then the composite maps o« and B,.n7 are left
homotopic for some choice of cylinder W @ I for W in the projective model struc-
ture.

This means that there is a diagram

w—" sy
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where the maps s, i, 7 are all part of the cylinder object structure for W ® I, and are
sectionwise weak equivalences. It follows that

(f.aun) ~ (fr,anm) ~ (frs,h) ~ (fr, pnm) ~ (f,Bn)
in mph(X,I(C)).
As noted previously, we can identify 4(X,'(C)) with the category of cocycles
xLu, N2y S,

where f is a local weak equivalence of simplicial presheaves and « is a chain map.
Every such cocycle determines an object

x Lu, Nzw) % ¢
of hy(X,C). This assignment is functorial, and therefore defines a functor
v (X, [(C))— hy(X,C).
Lemma 8.14. The functor v : h(X,I'(C)) — hy(X,C) induces an isomorphism

[X,I(C)] = mh(X,[(C)) %> mohu (X,C).

Proof. 1If the chain maps &, § : NZ(U) — C are chain homotopic and f: U — X is
a local weak equivalence, then the cocycles (f, @) and (f,f) are in the same path
component of 2(X,I"(C)), by Lemma 8.13. The assignment

(fsled) = [(f, 00)]
therefore defines a function
Y : mohm (X,C) — moh(X,I'(C)),
and one checks that y is the inverse of .

Remark 8.15. If E is a simplicial abelian presheaf, then E 2 I"(NE), and the corre-
sponding instance of the functor y has the form

h(X,E) = h(X,['(NE)) % hy(X,NE),

where the cocycle
xLuSE

is sent to the object
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Here, o, : Z(U) — E is the adjoint of the simplicial presheaf map o : U — E. The
natural chain homotopy equivalence i : NE — E in the Moore chains of E induces
an isomorphism

it hy(X,NE) = hy(X,E),
and the composite
Mxm—mmXNmiM(xm (8.1)

takes the cocycle (f, ) to the object (f,[a.]), where [o] is the chain homotopy
class of the induced map o, : Z(U) — E of Moore complexes. The composite i,y
is yet another variant of the functor y, and will be denoted by v.

The isomorphism
mohu(X,C) = [X,I'(C)]

which results from Lemma 8.14 is a chain complex variant of the Verdier hyper-
covering theorem (Theorem 5.41). This result allows one to represent morphisms
in the homotopy category taking values in simplicial abelian presheaves by chain
homotopy classes of maps.

The simplicial presheaf I'(C) is locally fibrant. As in the proof of Theorem 5.41,
there is a category Hy(X,C) whose objects are pairs ([¢], [¢t]) where [g] is a simpli-
cial homotopy class of a hypercover ¢ : U — X and [&] is a chain homotopy class of
amap o : Z(U) — C. A morphism ([¢], []) — ([¢], [B]) in Hy(X,C) is a simplicial
homotopy class of maps [6] : U — V such that the diagrams

'Q
<<—_ <
)

s
<;

commute. There is a function
: TEOHh(X7C) — [X,F(C)]

which is defined by sending a class [(|g], [@])] to the composite map ((ct-i),-1)-g~!

in the homotopy category.
Recall that Ay, (X,I"(C)) is the full subcategory of 4(X,I"(C)) on those cocycles

xLvu&rc
such that the weak equivalence ¢ is a hypercover. There is a functor
Y hhyp(Xar(C)) - Hh(ch)

which is defined by (g, &) — ([g], [0 - p]), and there is a commutative diagram
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nOhhyp(er(C)) L) %Hh(X7C)

Nl iw

mh(X,I'(C)) —— [X,T'(C)]

The function ¥, is plainly surjective, but it is also injective by the commutativity of
the diagram. It follows that all functions in the diagram are bijections.
The resulting bijection

ﬂOHh(XvC) = [XaF<C)]
gives the following result:

Proposition 8.16. Suppose that X is a simplicial presheaf and that C is a presheaf
of chain complexes. Then there are isomorphisms

X.D(O)] = mi(X,C) = lim 2(Z(U),C)
[plU—=X

Remark 8.17. The identification

X,r)j= lim x(2(V),C)
[plU—X

of Proposition 8.16 is an older form of Lemma 8.14, which appeared as Theorem
2.1 in [31]. The displayed colimit happens to be filtered by a standard calculus of
fractions argument [9], but that observation is irrelevant for the proof which is given
here.

Remark 8.18. 1t is useful in practice to have a more explicit method of representing
the path component of a cocycle

[o]

xLu, z/0w) 5 c

in iy (X,C) by a cocyle (p,[B]) where p : V — X is a hypercover. In effect, form
the composite simplicial presheaf map

(o-d)s

ULz r()

where (o i), corresponds to the map
NzZ/UU) S Z/0U) S ¢

under the Dold-Kan correspondence. Then the simplicial abelian object I'(C) is
locally fibrant, so that there is a diagram
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where p is a hypercover, as in Lemma 5.43. The morphisms i in the induced diagram

NZJo(U) ——~7,/0(U) .
L T

> C
8+

NZ/UV) =~ 2wy P

are chain homotopy equivalences, so the dotted arrow B exists which makes the
diagram commute up to chain homotopy. The chain homotopy class of f is also
uniquely determined.

It follows that there are commutative diagrams

U Z/U)

so that the cocycle (p, [B]) is in the path component of (f, [a]).

The point of this is that any finite list of cocycles (fi,[04]),- .., (fs, [04]), where
0; : Z/¢(U;) — C;, have path component representatives (p, [Bi]),...,(p,B,) for
Bi: Z/¢(V) — C;, where p: V — X is a single choice of hypercover. This is a con-
sequence of the argument just displayed, together with the fact that hypercovers are
preserved by pullback.

Recall that the abelian sheaf category on a small site has enough injectives (as
does the abelian presheaf category): an abelian sheaf I is injective if and only if it
has the right lifting property with respect to all inclusions of subobjects B C Z(U),
U € €, so that one can show that there is is an inclusion A C I with I injective by
using a small object argument.

We shall identify cochain complexes with unbounded chain complexes which are
concentrated in degrees n < 0.

Suppose that A is a sheaf of abelian groups, and let A — J be an injective res-
olution of A, where of course J is a cochain complex. Write A[—n] for the chain
complex consisting of A concentrated in degree n, and consider the chain map
Al—n] = J[—n].

The simplicial abelian sheaf
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K(A,n) =T'A[—n]

defines the Eilenberg-Mac Lane object associated to A and n.
It is an abuse, but write

K(D,n) = I Tro(D[—n])

for all chain complexes D, where Try(D[—n]) is the good truncation of D[—n] in
non-negative degrees. The simplicial abelian object K(D,n) is not an Eilenberg-
Mac Lane object in general.

There are isomorphisms

7(C(0), D[~n]) = 7(C, Tro D[—n]), 8.2)

which are natural in ordinary chain complexes C and unbounded complexes D,
where C(0) is the unbounded complex which is constructed from C by putting O
in all negative degrees.
Suppose that C is an ordinary chain complex and that K is a cochain complex.
Form the bicomplex
hom(C,K), 4 =hom(C_,,K,)

with the obvious induced differentials:
d' = d¢ :hom(C-_,,K,;) — hom(C_,_1,K,)
9" = (—1)P Ik, : hom(C_,,K,) — hom(C_,,K,_1).
Then hom(C,K) is a third quadrant bicomplex with total complex Tot, hom(C, K)

defined by

Tot_,, hom(C,K) @ hom(C_,,Ky)
pt+q=—n

= @ hom(Cp,K_,1p),

0<p<n

for n > 0. The complex Tot, hom(C, K) is concentrated in negative degrees.
Lemma 8.19. There are natural isomorphisms

H_,(Totehom(C,K)) = n(C(0),K[—n]).
Proof. Write (fy, f1,--., /) for a typical element of

Tot_,hom(C,K) = €D hom(Cp,K_psp).

0<p<n

Then
a(f07' .. 7fn) = (goa“ . 7gn+1)7

where
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2o ifk=0,
gk =1 fil10+(—=1¥dfp if0O<k<n+1,and
fn0 ifk=n+1.
Set
1 if k=0, and
a(k) = k=1 .
Yoo ifk>1

Then the maps (—1)*®) f; define a chain map C — K[—n].
Suppose that
(50, -Sn—1) = (fo,-- -, fu)-

Then the maps (—1)*®)s; define a chain homotopy from the chain map (—1)*®) f;
to the 0 map.

Lemma 8.20. Suppose that J is a cochain complex of injective sheaves, and that
f:C — D is a homology isomorphism of ordinary chain complexes of presheaves.
Then the induced morphism of cochain complexes

Tot, hom(D, J) TAN Tot, hom(C,J)

is a homology isomorphism.

Proof. The functors hom( ,J_,) are exact, and there are isomorphisms
H_,hom(C,J_,) = hom(H,(C),J_,),

which are natural in chain complexes C. It follow that there is a spectral sequence
with

EY? =~ hom(H,(C),J_4) = n(C,TroJ[—p—q]) = H_,_4 Totshom(C, J).
which is natural in C. The claim follows from a comparison of such spectral se-

quences.

Corollary 8.21. Suppose that J is a cochain complex of injective sheaves. Then ev-
ery local weak equivalence f : X — Y of simplicial presheaves induces an isomor-
phism

n(NZY, TrgJ[—n]) — T(NZX, TroJ[—n])

in chain homotopy classes for all n > 0.

Again, let J be a cochain complex of injective sheaves. As in the proof of Lemma
8.14, there is a well defined abelian group homomorphism

v: R(NZX, TroJ|—n)) — moh(X,K(J,n))

which takes a chain homotopy class [a] to the element [(1,a.n)], where a :
Z(X) — K(J,n) is induced by a under the Dold-Kan correspondence, and 1 : X —
Z(X) is the adjunction map. This morphism is natural in simplicial presheaves X.
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Lemma 8.22. Suppose that J is a cochain complex of injective sheaves. Then we
have the following:

1) The map
y: n(NZX,TroJ[—n]) = moh(X,K(J,n)).

is an isomorphism.
2) The canonical map

n(NZX,TroJ|—n]) = [NZX,TroJ[—n]]

is an isomorphism.
3) The simplicial abelian sheaf K (J,n) = I'(TrgJ[—n]) satisfies descent.

Recall that a simplicial presheaf X on a site ¢ satisfies descent if some (hence
any) injective fibrant model j : X — Z is a sectionwise weak equivalence in the sense
that the simplicial set maps j : X (U) — Z(U) are weak equivalences for all objects
Uofé¥.

Proof. For statement 1), suppose that X Lzs K(J,n) is an object of h(X,K(J,n)).
Then there is a unique chain homotopy class [v] : NZX — J[—n] such that [v, f] = [g]
since f is a local weak equivalence, by Corollary 8.21. This chain homotopy class
[v] is also independent of the choice of representative for the path component of
(f,g) in the cocycle category. We therefore have a well defined function

o : moh(X,K(J,n)) — n(NZX,TroJ[—n]).

The composites @ - Y and ¥ - @ are identity morphisms.
For statement 2), observe that there is a commutative diagram

ﬂ(NZX,TI'OJ[— ])_Hﬂ()h K

| l

[NZX,TroJ[—n]] — [X,K(J,n

where ¢ is the isomorphism of Theorem 5.34, and the bottom isomorphism is in-
duced by the Dold-Kan correspondence and the Quillen adjunction between simpli-
cial presheaves and simplicial abelian presheaves.

Suppose that j : TroJ[—n] — C is an injective fibrant model for K (J, n) in sheaves
of chain complexes. Statement 3) says that the induced maps j : TroJ[—n](U) —
C(U) of chain complexes are homology isomorphisms, for all U € €.

To prove this, first observe that there is a commutative diagram

m(NZX,TroJ[—n]) —— [NZX, TroJ[—n]|

,i ~lj*

n(NZX,C) —— > [NZX,C)

IR



172 8 Homology sheaves and cohomology groups

for each simplicial presheaf X, in which the top occurrence of the canonical map 7@
is an isomorphism by statement 2), and the bottom occurrence is an isomorphism
since the chain complex object NZX is cofibrant and C is injective fibrant. It follows
that the map

Jx 1 ®(NZX,TroJ[—n]) — n(NZX,C)

of chain homotopy classes is an isomorphism for all simplicial presheaves X. There
is a split short sequence

0— NZx — NZ(A™/0A™) — Z]—-m] — 0
of chain complexes for all m > 0, and it follows that the maps
Js 1 WLy (Z[-m]), Tro J[—n]) — m(Ly (Z][-m]),C)

are isomorphisms for all m,n > 0 and U € ¥. Here, Ly is the left adjoint of the
U-sections functor E +— E(U). The chain complex maps

TroJ[—n](U) — C(U)
are therefore homology isomorphisms for all U € ¥, and statement 3) is proved.
The following result is a corollary of Lemma 8.22:

Theorem 8.23. Suppose that A is a sheaf of abelian groups on €, and let A — J be
an injective resolution of A in the category of abelian sheaves. Let X be a simplicial
presheaf on €. Then there is an isomorphism

n(NZX,TroJ[—n]) =2 [X,K(A,n)].
This isomorphism is natural in X.

Suppose that A is an abelian presheaf on % and that X is a simplicial presheaf.
Write
H'(X,A)=[X,K(A,n)],

and say that this group is the n'"

The associated sheaf map

cohomology group of X with coeffients in A.

n:K(A,n) — L’K(A,n) = K(A,n)
is a local weak equivalence, so there is a canonical isomorphism
H"(X,A) = H"(X,A).

Write
I:I,,(X,Z) = Hn(NZX) = FI,,(ZX)

and call this object the n'” integral homology sheaf of the simplicial presheaf X. It
is also common to write
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H,(X)=H,(X,Z)

for the integral homology sheaves of X.
If A is an abelian presheaf, write

H,(X,A) = H,(NZ(X)®A) 2 H,(Z(X) ®A)

for the n'" homology sheaf of X with coefficients in A.
The following result gives a large class of examples:

Lemma 8.24. Suppose that S is a simplicial object in € and that A is an abelian
sheaf on €. Then there are isomorphisms

H"(S,A) 2 H"(¢/S,Als).
These isomorphisms are natural in abelian sheaves A.

Proof. Recall that €/ is the site fibred over the simplicial object S. This result is a
consequence of Proposition 5.28.

Suppose that j : K(A,n) — GK(A,n) is an injective fibrant model on ¥, and
choose an injective fibrant model GK (A, n)|s — W on the site 4’/S. The Proposition
5.28 says that there is a weak equivalence

hom(S,GK(A,n)) ~hom(x,W).

The simplicial presheaf W is an injective fibrant model for the restricted simplicial
presheaf K(A|g,n), and so there are isomorphisms

H"(S,A) = myhom(S,GK(A,n)) = mhom(x, W) = H" (€' /S, Als).

Remark 8.25. Both the statement of Lemma 8.24 and its proof are prototypical.

A similar argument shows that the étale cohomology group H’ (S,A) of a sim-
plicial T-scheme S, which is traditionally defined to be H" (et|s,A|s) for an abelian
sheaf A on the big étale site [16], can be defined by

Hy (S,A) = [S,K(A,n)]

as morphisms in the injective homotopy category of simplical presheaves or sheaves
on (Sch|r)er-

Here, et|s is the fibred étale site whose objects are the étale morphisms ¢ : U —
Sy, and whose morphisms are diagrams of scheme homomorphisms of the form of
(5.6), where the vertical maps are étale — this is usually what is meant by the étale
site of a simplicial scheme S.

One uses the ideas of Example 5.27 to show that the restriction Z|s of an injective
fibrant object Z to the site ef|g satisfies descent. The remaining part of the argument
for the weak equivalence

hom(S,Z) ~ hom(x,W),
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where Z|g — W is an injective fibrant model on et|s, is formal.

A different argument is available for the étale cohomological analogue of Corol-
lary 8.24 if one’s sole interest is a cohomology isomorphism: see [31].

Analogous techniques and results are available for other standard algebraic geo-
metric topologies, such as the flat or Nisnevich topologies.

The following result is a consequence of Lemma 8.19 and Theorem 8.23:

Corollary 8.26. Suppose that X is a simplicial presheaf and that A is a presheaf of
abelian groups. Then there is a spectral sequence, with

EVY =Ext!(H,(X,Z),A) = H' (X ,A). (8.3)

The spectral sequence (8.3) is the universal coefficients spectral sequence for the
cohomology groups H*(X,A).

Proof. Suppose that A — J is an injective resolution of A and let C be an ordinary
chain complex of presheaves. The bicomplex hom(C,J) determines a spectral se-
quence with

EVY =Ext!(H,C,A) = n(C,TroJ[—p —q]), (8.4)

by Lemma 8.19. The special case C = NZ(X) is the required spectral sequence (8.3),
by Theorem 8.23.

Example 8.27. Suppose that X is a simplicial set and that A is an abelian sheaf on a
small site ¢". The cohomology H*(I"*X,A) of the constant simplicial presheaf I"*X
with coefficients in A is what Grothendieck would call a mixed cohomology the-
ory [25]. In this case, the universal coefficients spectral sequence has a particularly
simple form, in that there is a short exact sequence

0— P Ext'(H,_1(X,Z),HY(%,A)) — HT(I'*X,A)
ptq=n

— @ hom(H,(X,Z),HI(€,A)) =0

ptq=n

The existence of this sequence is best proved with the standard argument that leads
to the classical universal coefficients theorem: apply the functor hom( ,I;7) to the
short split exact sequence of chain complexes

0—Z(ZX) - ZX — B(ZX)[—1] — 0.

where the complexes Z(ZX) and B(ZX) consist of cycles and boundaries, respec-
tively, with O differentials.

Suppose that R is a presheaf of commutative rings with unit. There are R-modules
versions of all results so far encountered in this section. In particular, there is an R-
linear universal coefficients spectral sequence:
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Lemma 8.28. Suppose that X is a simplicial presheaf and that A is a presheaf of
R-modules. Then there is a spectral sequence, with

ENY =Ext}(H,(X,R),A) = H"T(X,A). 8.5)
We also have the following R-linear analog of Corollary 8.21:

Corollary 8.29. Suppose that the simplicial presheaf map f : X — Y induces a ho-
mology sheaf isomorphism

H.(X,R)=H.(Y,R).
Then f induces an isomorphism

H*(Y,A) —» H"(X,A)
for all presheaves of R-modules A.

Corollary 8.29 can also be proved with a comparison of the universal coefficients
spectral sequences of Lemma 8.28.

The sheaf cohomology group H"(%,A) for an abelian sheaf A on a site € is
traditionally defined by
H"(¢,A)=H_,(I.J)

where A — J is an injective resolution of A concentrated in negative degrees and
I is the global sections functor (ie. inverse limit). But I.Y = hom(*,Y) for any Y,
where * is the one-point simplicial presheaf, and so there are isomorphisms

H"(€,A) = t(Zx,TroJ[—n]) = [*,K(A,n)]
by Theorem 8.23. We have proved

Theorem 8.30. Suppose that A is an abelian sheaf on a site €. Then there is an
isomorphism
H"(¢,A) = [+, K(A,n)]

which is natural in abelian sheaves A.
We end this section with a seminal calculation:

Proposition 8.31. Suppose that A is a presheaf of abelian groups, and that X is a
simplicial presheaf. Suppose that the map

Jj:K(A,n) — GK(A,n)
is an injective fibrant model of K(A,n). Then there are isomorphisms

H" /(X|y,Aly) 0<j<n

n;Hom(X,GK(A,n))(U) = {O j>n.
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forallU € €.

Proof. Recall that Hom(X,Y) is the internal function complex (5.5).
There are isomorphisms

moHom(X,GK(A,n))(U) = [X|y,GK(Al|y,n)] = H" (X|v,Alv),

since GK(A,n)|y is an injective fibrant model of K(A|y,n) by Corollary 5.25 and
Theorem 8.30.
The associated sheaf map

n:K(A,0) — K(A,0)

is an injective fibrant model for the constant simplicial presheaf K(A,0) by Lemma
5.11, and there is an isomorphism

Hom(X,K(A,0)) = Hom(7y(X),A),
where the latter is identified with a constant simplicial sheaf. It follows that the

sheaves #;Hom(X,K(A,0)) vanish for j > 0.
There is a sectionwise fibre sequence

K(A,n—1) > WK(A,n—1) 5 K(A,n)

where the simplicial abelian presheaf WK (A,n — 1) is sectionwise contractible.
Take an injective fibrant model

WK(A,n—1) —~ GWK(A,n—1)

K(A,n) — GK(A,n)
for the map p. This means that the maps labelled j are local weak equivalences,

GK (A, n) is injective fibrant and ¢ is an injective fibration. Let F = ¢~'(0). Then F
is injective fibrant and the induced map

KAn—1)—>F

is a local weak equivalence, by Lemma 4.30. Write GK(A,n— 1) for F.
We have injective (hence sectionwise) fibre sequences

Hom(X,GK(A,n—1)) — Hom(X,GWK(A,n—1)) — Hom(X, GK(A,n))

by Lemma 5.12 and the enriched simplicial model structure of Corollary 5.19. The
map
Hom(X,GWK(A,n—1)) — Hom(X,*) =
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is a trivial injective fibration, and is therefore a sectionwise trivial fibration. It fol-

lows that there are isomorphisms
7;Hom(X,GK (A,n))(U) = ;_Hom(X,GK (4,n — 1))(U)
for j>1landall U € €, so that

m;Hom(X,GK (A,n))(U) = H" /(X |y,Alv)

for 1 < j <nand rjHom(X,GK(A,n))(U) =0 for j > n, by induction on n.

Corollary 8.32. Suppose that A is a presheaf of abelian groups, and that
j:K(A,n) — GK(A,n)
is an injective fibrant model of K(A,n). Then there are isomorphisms

H'"/(¢/UAly) 0<j<n

m;GK(A,n)(U) = {0 o

forallU € €.

8.4 Products and pairings

The category of pointed simplicial presheaves on a site € is the slice category
«/sPre(€’). The objects can alternatively be viewed as pairs (X,x), where X is a
simplicial presheaf and x is a choice of vertex in the global sections simplicial set

LX = lim X(U).
Uue?®

A pointed map f : (X,x) — (Y,y) is a simplicial presheaf map f : X — Y such that

f+(x) =y in global sections, or equivalently such that the diagram
*
/N
X 4f> Y

commutes. I also write sPre, (%) to denote this category.

All slice categories for sPre(%’) inherit injective model structures from the in-
jective model structure for simplicial presheaves — see Remark 5.45. In the case
at hand, a pointed map (X,x) — (¥,y) is a local weak equivalence (respectively
cofibration, injective fibration) if the underlying map f : X — Y is a local weak
equivalence (respectively cofibration, injective fibration) of simplicial presheaves.
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One writes [X, Y], for morphisms in the pointed homotopy category
Ho(sPre.(%)).

The functor g : sPre.(%) — sPre(%) forgets the base point. One usually just
writes Y = ¢(Y) for the underlying simplicial presheaf of an object Y. The left ad-
joint of this functor X — X is defined by adding a disjoint base point: X = X L {x}.
The functor ¢ and its left adjoint form a Quillen adjunction, and there is a bijection

[X.,Y], 2 [X,Y].

Every simplicial abelian presheaf B is canonically pointed by 0, so there is an iso-
morphism
[X+7B}* = [X7B]

In particular, cohomology groups can be computed in the pointed homotopy cate-
gory via the natural isomorphism

H'(X,A)=[X,K(A,n)] 2 [X{,K(A,n)]s.

The smash product X \Y of two pointed simplicial presheaves is formed just as
in simplicial sets:
XAY=(XxY)/(XVY)

where the wedge X V'Y is the coproduct of X and Y in the pointed category.
Suppose that A is a presheaf of abelian groups, and write " ® A for the simplicial
abelian presheaf Z(S") @ A. Here, S" is the n-fold smash power

S" =8N AS!

of the simplicial circle ' = A!/dA!.
If X is a pointed simplicial presheaf, write Z(X) for the cokernel of the map

Z(x) = Z(X)
which is defined by the base point of X. The homology sheaves

H.(Z(X)®A)

are the reduced homology sheaves of X with coefficients in the abelian presheaf A.
The isomorphism

Z(X)QZ(Y) = Z(X x Y)

of simplicial abelian presheaves induces an isomorphism
T:Z(X)QZLY) > ZL(X \Y) (8.6)

which is natural in pointed simplicial presheaves X and Y.
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The simplicial abelian presheaf Z(S") ® A has a unique homology presheaf,
namely

H,(Z(S") @A) =2 A,

and the good truncation functor Tr, in chain complexes defines homology presheaf
isomorphisms
Z(S") @A < Tr,(Z(S") @A) = ' (A[—n]).

It follows that the simplicial abelian presheaf Z(S") ® A is naturally locally equiva-
lent to the Eilenberg-Mac Lane object K(A,n).
The natural isomorphism (8.6) induces a natural isomorphism

T, : (Z(S") @A) @ (Z(S") © B) = Z(S"*") ® (A® B), (8.7)
which gives a pairing

(Z(S") @A) A (Z(S™) ® B) — (Z(S") @A) ® (Z(S™) ® B) > Z(S"™) @ (A® B)

R lﬁ

of pointed simplicial presheaves. This pairing can be rewritten as a map
U:K(A,n) ANK(B,m) = K(A®B,n+m) (8.8)

in the pointed homotopy category. This pairing, in any of its equivalent forms, is the
cup product pairing. It induces the external cup product

U:H"(X,A) x H"(Y,B) » H""™(X x Y,A®B), (8.9)

by definition of the cohomology groups.

The external cup product has an explicit description in terms of cocycles. Sup-
pose that £ and F are presheaves of simplicial abelian groups. Then there is a natural
map

U:EANF - EQF

of pointed simplicial presheaves which takes values in the degreewise tensor prod-
uct. Given cocycles
V& F,

x&fuLE v

12 T:
RT<

there is a cocycle
Xxy & yxy 8 por

where (f A g) is the composite

UxV o UxV),2UNV LS EAF S ESR

The assignment
((fv”)’ (g,v)) — ((f/\g)*vu X V)

is functorial in the cocycles (f,u) and (g,v), and defines a functor
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h(X,E)xh(Y,F) = h(X XY, EQF).
The induced map in path components gives the cup product pairing
U: [X,E]x[Y,F] = [X XY, EQF].

The cup product, as we’ve defined it, is derived from tensor products of simplicial
abelian groups. There is an alternative approach which is based on the tensor product
of chain complexes.

By Lemma 8.14, an element of [X, E] can be represented by a cocycle

where [a] is the chain homotopy class of a map o : Z(U) — E of Moore complexes.
If we have a second cocycle
v 8]
YV, Z(V)—F

~

then the cocycle

XxY &y sy, ZUxV) L 2)eazwv) EP Ee, P 8.10)

represents an element [(u X v, [0t ® B])] of mohy (X X Y, E Q@ F), where the natural
equivalence of chain complexes f is the Alexander-Whitney map and the tensor
products are in the chain complex category.

The chain homotopy class [ ® 3] may not be independent of the chain homo-
topy classes of & and f3, unless U and V are projective cofibrant objects. We can
nevertheless always refine U and V by projective cofibrant models p : U’ — U and
q: V' —V,and the cocycle

XxY &Ly v e pe @B g i ZU) @ Z(V') = E@y F

is in the path component of the cocycle (# x v, [a ® B]) in mhpy (X X Y, E @i F).
It follows that the assignment

([Cu, [o)], [ [BD)]) = [( x v, [ B])]
defines a natural function
¢ mohy (X, E) X mohy (Y, F) = mohy (X XY, EQu F),
or equivalently a pairing

Uer ¢ [X,E] X [Y,F] = [X x Y,[(E @4 F)].
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The following result implies that the pairing U, which is derived from the chain
complex tensor product is naturally isomorphic to the cup product pairing:

Lemma 8.33. The diagram

Tohy (X, E) x iohpy (Y, F) —— mohp (X X Y, E @, F)

ng*

Ve X Yy | 22 ohy (X XY, EQF)

[X,E| < [Y,F] — X XY,EQF)]
commutes, where Y, is the isomorphism of Remark 8.15, and f :EQF — E Q¢ F
is the Eilenberg-Zilber equivalence.

Proof. The functor y takes a cocycle (u, o) to the cocycle (u, []), where the chain
map @ : Z(U) — E is the map of Moore complexes associated to the map o, of
simplicial abelian presheaves. The commutativity of the diagram is an easy conse-
quence of the naturality of the Eilenberg-Zilber equivalence [24, IV.2.4].

If X =Y and A = B is a presheaf of commutative rings with unit, then precom-
position with the diagonal A : X — X x X and composition with the multiplication
A®A — A, applied to the pairing (8.9), together define the pairing

H"(X,A) x H"(X,A) — H""™(X x X,A®A) — H""(X ,A), (8.11)

which is the cup product for the cohomology of the simplicial presheaf X with
coefficients in the presheaf of rings A.

The cup product ring structure on H*(X,A) is associative, and has two-sided
multiplicative identity which is defined by the composite

X%*LA,

where the global section 1 is the multiplicative identity of the presheaf of rings A.
The resulting ring structure on the cohomology H*(X,A) is graded commutative,
since A is commutative and the twist isomorphism

S”/\S‘féS‘f/\Sp

is multiplication by (1—)”? in the homotopy category. In particular, the cohomology
H*(X,A) of a simplicial presheaf X with coefficients in a commutative unitary ring
A has the structure of a graded commutative ring.

Remark 8.34. Note the level of generality. Cup products are defined for cohomology
of simplicial presheaves having all abelian presheaf coefficients, on all Grothendieck
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sites. It is an exercise to show that cup products are preserved by inverse image
functors associated with geometric morphisms.

At one time, cup products were only defined, via Godement resolutions, in
toposes having enough points — see [53].

8.5 Kiinneth formulas

The universal coefficients spectral sequence (8.3) admits substantial generalization.

In particular, suppose that D is a cochain complex of sheaves, and let D — I be a
Cartan-Eilenberg resolution. This means, in part, that / is a bicomplex of injectives
I, 4 where p,q < 0 and the maps D, — I, , form a bicomplex map such that the
induced map D — Tote I of cochain complexes is a homology sheaf isomorphism.

The resolution 7 is constructed by inductively constructing resolutions of all of
the exact sequences making up the cochain complex D, all of which are degreewise
split. The construction has the following important features:

1) Write B, 4 = By(lig), Zpq = Zp(l.y) and H,, = H,(I.4). Then the maps
B,(D) = By, +, Z,(D) — Z, « and H,(D) — H,, .. all define injective resolutions.

2) The maps
Ipg=>Bp-1g=Zp-147 Ip-14 (8.12)

making up the boundary morphism /, , — I,_1 4 are split, for each p and g.

Choose a Cartan-Eilenberg resolution D, — I, , of D, and consider the tricom-
plex hom(X,,I,,). Computing homology in the p-direction gives the bicomplex
hom(X,,H p,*), since all maps (8.12) in the bicomplex I, , are split, and it follows
that there is a spectral sequence with

E}" = HY(X,H_,(D)) = [X,K(D,p+q)]. (8.13)

The spectral sequence (8.13)is a generalized hypercohomology spectral sequence.
It specializes to the standard hypercohomology spectral sequence if X is a point: the
hypercohomology group H"(%,D) is usually defined to be the cohomology group
H"(I. Tot(I)).

In all that follows, if X is a simplicial presheaf and D is a cochain complex of
presheaves, then Hom(X, D) is the third quadrant presheaf of bicomplexes with

Hom(X,D)_, -4 = Hom(X,,,D_),

where the coboundary in the p variable is induced by the boundary in the Moore
complex for X. By the usual exponential law (see 5.6), there is an isomorphism of
of bicomplexes

Hom(X,D)(U) 2 hom(X x U,D) (8.14)

for all U € €, which gives an alternative definition of Hom(X, D).
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If I is a cochain complex of injective sheaves, then the sheaves Hom(Y_,,1;) in
bidegree (p,q) are injectives, since there are natural isomorphisms

hom(A,Hom(Y_,,I,) =2 hom(A®ZY_,,1,),

and the functor A — A ® ZY_, preserves monomorphisms in A.

Suppose that A — J is an injective resolution of an abelian sheaf A, and write
H4(Y,A) for the cohomology sheaves of the bicomplex Hom(Y,J). The sheaf
HY(Y,A) is the sheaf associated to the presheaf which is defined by

U HI(Y x U,A).

If X is a second choice of simplicial presheaf, then there is a tricomplex isomor-
phism
hom(X,Hom(Y,J)) = hom(X xY,J),

and one has isomorphisms
H"Tot(hom(X x Y,J)) 2 H"(X X Y,A).

If j: Hom(Y,J) — I is a Cartan-Eilenberg resolution, then j is a weak equivalence
of cochain complexes of injectives in total complexes, and therefore induces iso-
morphisms

n(ZX , Tro Tot(Hom (Y, J))[—n]) = w(ZX , Tro Tot(I)[—n])
for all n > 0, by Lemma 8.22. It follows that the tricomplex map
hom(X,Hom(Y,J)) — hom(X,J)

induces a homology isomorphism of total complexes. We therefore obtain a spectral
sequence
EVY=HIY(X,HP(Y,A)) = H'"(X x Y,A), (8.15)

which is called the Kiinneth spectral sequence.
The special case

EJ = HY(€, AP (Y. A)) = HP*(Y,A) (8.16)

of the Kiinneth spectral sequence corresponding to letting X be the terminal object
is a simple form of the descent spectral sequence for the cohomology of ¥ with
coefficients in the abelian sheaf A. There are more delicate versions of the descent
spectral sequence which exist in non-abelian settings, and will be discussed later.

Suppose that S is a scheme and that ¢ is a prime number. Say that a simplicial
presheaf Z on (Schls)e: is cohomologically smooth and proper (with respect to ¢-
torsion sheaves) if the sheaves H9(Z,7/¢) on the étale site (Schls),, are locally
constant and finite.
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The assertion that a sheaf F on (Sch|s),, is locally constant and finite means that
there is an étale covering family ¢ : U — S such that the sheaf ¢*(F) is constant and
finite for all members ¢ of the covering. This is equivalent to the assertion that for
all maps p : Sp(€*';) — S arising from points x € S the sheaf p*(F) is constant and

finite on (Sch| ﬁihs)”' Here, ﬁ;"s is the strict henselization of the local ring & s at x.

In particular, if S = Sp(&) for a strict local hensel ring & then a sheaf F on the
big étale site (Sch|¢ ). is locally constant and finite if and only if it is constant and
finite. This follows from the fact that every étale covering U — Sp(&) has a section.

Observe that every separably closed field k is a strict local hensel ring.

Example 8.35. If / is distinct from the residue characteristics of S and the scheme
homomorphism X — S is smooth and proper, then the (degreewise constant) simpli-
cial sheaf represented by X is cohomologically smooth and proper, by the smooth
proper base change theorem [12, IV.1.1], [53, V1.4.2].

Example 8.36. Suppose that Gg — § is a group-scheme which is defined by a
Chevalley integral form Gz, and suppose that ¢ is distinct from the residue char-
acteristics of S.

Friedlander and Parshall show [18, Prop. 7] that the induced map

H*(Gg,Z/t) — H* (G, Z /)

is an isomorphism for all geometric points Sp(k) — Sp(&), if & is a strict local
hensel ring such that 1/¢ € . The statement includes all residue maps

H*(Gﬁ;&,Z/ﬁ) — H*(%,Z/E)
associated to points x € X — Sp(&), so that all specialization maps

H*(Gg,Z/f) — H*(G//’S"X7Z/€)

are isomorphisms, and the sheaves H*(Gg,Z/{) on (Sch|s)e are constant.
For any algebraically closed field k there is a geometric point x : Sp(k) — Sp(Z)
and corresponding geometric points

Sp(k) — Sp(€Y%) - Sp(C).
The Friedlander-Parshall theorem implies that the induced maps

H' (G, 2/0) + H'(G yo,  7) — H' (Ge, 2/ 0)

are isomorphisms if 1/¢ € k. It is a consequence of the Riemann existence theorem
[53, II1.3.14] that there is an isomorphism

H*(Ge,Z/0) 2 H*(G(C),Z/¢)
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relating the étale cohomology groups H*(G¢,Z/¢) with the ordinary topological
cohomology groups H*(G(C),Z/¢) of the group G(C) of complex points of G.

The topological cohomology groups H*(G(C),Z/{) are finite, so that the sheaves
H*(Gy,Z/¢) on (Sch|g)e are finite as well as constant, for all strict local hensel
rings O with 1/0 € 0.

It follows that the group-scheme Gy represents a sheaf on (Sch|s).; which is
cohomologically smooth and proper, provided that ¢ is distinct from the residue
characteristics of S.

This means, in particular, that the sheaves H*(Gy,Z/) are constant and finite on
(Sch|i)er if k is a separably closed field with 1/¢ € k.

The formation of the isomorphisms

H* (G, Z)0) < H*(Gyu, /) = H*(Ge,Z,)¢) = H*(G(C), Z/{)

is a prototypical base change argument.

Theorem 8.37. Suppose that O is a strict local hensel ring. Suppose that the sim-
plicial presheaf Z on (Sch|g)e is cohomologically smooth and proper with respect
to L-torsion sheaves. Then the cup product pairing

U H*(X,Z/0) @z, H*(Z,Z/) — H*(X x Z,Z,/1)

is an isomorphism of graded rings, for all simplicial presheaves X on (Sch|g)er.

Proof. All tensor products will be defined over Z//.
Suppose that Z/¢ — J is an injective resolution of Z/¢ in ¢-torsion sheaves. The
tensor product pairing

hom(U,Z/¢) @ hom(Z,J) — hom(U x Z,J) (8.17)
(of tricomplexes) induces a pairing
n(U,Z/¢[—p)) @HY(Z,Z./0) — HPT9(U x Z,7./¢)
which natural in local weak equivalences X <— U, and induces the cup product map
HP(X,Z/0)@HY(Z,7./¢) — H'T1(X x Z,7./¢)

after taking colimits in U =X
The pairing (8.17) is isomorphic to the pairing

hom(U,Z/¢) ® hom(x,Hom(Z,J)) — hom(U,Hom(Z,J)). (8.18)
We will show that the induced maps

D mhu(X,Z/t]—p]) ® H Tot(hom(x, Hom(Z,J)))
p+q=n (8]9)
— mohy (X, Tot(Hom(Z,J))[—n))
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are isomorphisms. Then one finishes by using Lemma 8.14.
Consider the pairing of bicomplexes

hom(U,,Z/¢) @ hom(x, Tot(Hom(Z,J)),) — hom(U,, Tot(Hom(Z,J)),)

which is induced by the tricomplex map (8.18). Let Tot(Hom(Z,J)) — I be a
Cartan-Eilenberg resolution, and form the diagram of tricomplexes

hom(U,Z/¥) ®hom(*,Tot(Hom(Z, J)) —— hom(U, Tot(Hom(Z,J))

| N

hom(U,Z/¢) @ hom(x,I) ~ hom(U, 1)

The dotted arrow composite induces a map of spectral sequences which takes
values in the Kiinneth spectral sequence for H*(U x Z,Z/¢), with the map on E;-
terms given by the pairing

n(U,Z/{[-p)) @ HY(Z,Z/¢) — HP (U,HY(Z,Z/1)). (8.20)

The assumption on Z means that the sheaves H*(Z,7Z /() are finite and constant.
It follows that the pairing (8.20) is an example of a cup product map

n(U,Z)0[—p)) @ HO(x,A) = n(U,Z/¢|-p]) @ H(x,A) — HP(U,A), (8.21)

where A = @£ Z/( is the constant sheaf on a finite direct sum of copies of Z/¢. The
map (8.21) can be identified up to isomorphism with the canonical map

n(U,A[-p]) = H?(U,A)

for coefficient sheaves A of this form, and the pairing (8.20) can therefore be iden-
tified up to isomorphism with the map

n(U,A4(Z,2/¢)[~p]) — H? (U,HY(Z,Z/1)) (8.22)

from cocycles to cohomology classes.
The spectral sequence for the bicomplex

hom(U,Z/¢) ® hom(x, Tot(Hom(Z,J)))

collapses at the E»-level for all U. The E,-level comparison (8.20) is a canonical map
from chain homotopy classes to cocycles, so for each a € HY(U,H"Hom(Z,J))
there is a string of weak equivalences

U=Uy&...oU, =V

over X such that the image of o in H4(V, Tot(Hom(Z,J)),) is in the image of the
map
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n(V,Z/l|—q)) @ H(Z,7./¢) — HY(V,HPHom(Z,J)) = H?(U,H"Hom(Z,J)).

It follows that the Kiinneth spectral sequence for H*(U x Z,Z/{) collapses at the
E»-level.
The map (8.19) is a map of filtered complexes, and is a colimit of the maps

@D (U, Z/¢~p])®H)(Z,Z/¢) — H"* Tot(hom (U, Tot(Hom(Z,J))).
pt+q=n

The map on filtration quotients induced by (8.19) is an isomorphism, since it is
a colimit of the canonical maps (8.22), and it follows that the map (8.19) is an
isomorphism.

Corollary 8.38. Suppose that O is a strict local hensel ring with 1 /¢ € O, and that
x: Sp(k) — Sp(0) is a geometric point. Suppose that Gy, is an integral Chevalley
form for a group scheme. Then the induced map

x":H*(BGgs,Z/¢) — H (BGy,Z/{)
is an isomorphism.
Proof. The induced map
X" tH" (GG, Z/t) = H*(G",Z/?)
is isomorphic to the map
X HY(Gg, Z/0)*" — H* (Gy, Z/0)*"

by Theorem 8.37, and this map is an isomorphism since Gy, is cohomologically
smooth and proper (Example 8.36). Complete the proof by comparing spectral se-
quences.

Corollary 8.39. Suppose that O is a strict local hensel ring with 1/{ € O, where {
is a prime. Suppose that Gy, is an integral Chevalley form. Then there is an isomor-
phism

H*(BGg,7/¢) = H*(BG(C),Z/¢)

where G(C) is the topological group of complex valued points of Gy.
Proof. There are geometric points
0=k 0y —C
for some point x € Sp(Z). There are induced isomorphisms
H*(BO, ¢,2/2) %H*(BOM,Z/Z)
=] H*(BOn7@f(,Z,Z/2)
~ H"(BO,.¢.7,/2)
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by Corollary 8.38. There is an isomorphism

H*(BOy,¢,Z/2) = H*(BO.(C), Z/2),
by Theorem 8.37 and a Riemann existence theorem argument.

Corollary 8.40. Suppose that S is a scheme whose residue characteristics are dis-
tinct from {, and that Gy, is an integral Chevalley form. Then the simplicial sheaf
BGy on (Sch|s)e is cohomologically smooth and proper with respect to (-torsion
sheaves.

Remark 8.41. Suppose that S is a scheme with residue characteristics distinct from
a prime ¢. Then one can prove the following:

1) The class of simplicial presheaves on (Sch|s).;) which are cohomologically
smooth and proper with respect to ¢-torsion sheaves is closed under finite prod-
ucts.

2) Suppose that X is a bisimplicial presheaf on (Sch|s). such that all vertical sim-
plicial presheaves X, are cohomologically smooth and proper with respect to
£-torsion sheaves. Then the diagonal object d(X) is cohomologically smooth and
proper with respect to /-torsion sheaves.

Both statements are local with respect to the étale topology, so that one can presume
that S = Sp(&), where & is a strict local hensel ring with 1/¢ € & Statement 1) is
a direct consequence of Theorem 8.37, and the proof of statement 2) is a spectral
sequence argument.

Theorem 8.42 below is due to Friedlander and Mislin. This result was, for a
long time, the most general known case of the Friedlander-Milnor conjecture on
the discrete cohomology of algebraic groups — see Chapter 3. The proof which is
displayed here first appeared in [30].

Theorem 8.42. Suppose that G is a reductive algebraic group which is defined over
the finite field I, and let { be a prime such that £ # p. Then the adjunction map

e:I'*BG(F,) — BG
of simplicial presheaves on the big étale site (Sch|Fp)e, induces an isomorphism
&*: H’(BG,7./t) = H*(BG(F,),Z/1).
Proof. The idea is to show that the presheaf G/G(F,) on (SchIFp)e, has cohomology
Hy(G/G(F,),2/0) =0
for n > 0. In effect, the map € can be identified in the homotopy category with the

simplicial presheaf map B
EG/G(F,) =BG
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which consists of projections
(Gx--xG)xG/G(F,) - Gx--xG (8.23)

in the various simplicial degrees, and then one compares spectral sequences of the
form
EVY = HI(H? (X,,Z/0)) = HP™9(X,Z/0)

for simplicial presheaves X. The map in cohomology which is induced by the map
(8.23) can be identified with the comparison

H(G,Z/0)%" — H*(G,Z/0)*" ® H*(G/G(F,),Z/0)

by Theorem 8.37.
The object G/G(IF) is the colimit of the system

G/G(F,) = G/G(F 2) = G/G(F ) = ...

Let ¢ : G — G be the Frobenius automorphism. Then G(F ) is fixed by the auto-
morphism ¢" and there is a short exact sequence

GF) — G 6,

of algebraic groups over Fp. Explicitly, there is an isomorphism
G/G(Fp) =G, x—x-9"(x)""

of varieties over F,,, called the Lang isomorphism.
Suppose that Y = ¢" for some n. There is a commutative diagram

ly

G Y

IS

G ——> G/G(F )

G — G/G(Fn)

where
() = x yla) - P () oyt ().
It follows that the induced map y* : H},(G,Z/¢) — H},(G,Z/{) satisfies

Y (%) =x+w*(x)+ -+ (y*)? ! (x) + decomposables

with respect to the Hopf algebra structure on H},(G,Z/¢).

The map ¢* is an automorphism of the finite /-torsion group HX (G,Z /), as is
v*, so that (y*)V = 1 for some N. Thus, if d = N/ then y*(HX (G,Z/¢)) is decom-
posable. By induction on k, the system of pro-groups
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{He(G/G(Fp), Z/0)}

is therefore pro-trivial, so that
HY(G/G(F,),Z/) =

for k > 0, by a Milnor exact sequence argument.

Remark 8.43. Suppose that X is the colimit of a system
X —>X2—>X3 — ...

of simplicial presheaf maps and A is a presheaf of abelian groups, and take an injec-
tive fibrant model j : K(A,n) — GK(A,n). We can assume, without loss of general-
ity, that all of the maps X; — X1 are cofibrations. Then hom(X,GK(A,n)) is the
inverse limit of a tower of fibrations

hom(X;,GK(A,n)) < hom(X>,GK(A,n)) +
and the first Milnor exact sequence [8, IX.3.1] for the tower has the form

0— lim" H""!(X;,A) — H"(X,A) = lg_ "(Xi,A) =0 (8.24)
k

if n > 1. This is the device which is used at the end of the proof of Theorem 8.42.

Theorem 8.37 and its corollaries depend on specific properties of étale sites. It is
a much more general phenomenon that the cohomology of the constant simplicial
presheaf I'*X for a simplicial set X (aka. Grothendieck’s mixed cohomology: Ex-
ample 8.27) has a particularly nice cup product decomposition, provided that X is
homologically of finite type.

Lemma 8.44. Suppose that { is a prime number, and that X is a simplicial set
such that all homology groups H;(X,Z/!) are finite. Suppose that Y is a simpli-
cial presheaf and that A is an (-torsion abelian sheaf on a small site €. Then the
cup product pairings

HP(X,Z./) @7, HI(Y,A) = HPT4(I'" X x Y,A)
which are induced by the pairing Z./]{ ® A = A define an isomorphism
H*(X,Z/0) @z H*(Y,A) = H*(I'"X x Y,A)
of graded {-torsion modules.

Proof. Write H,(X) = H,(X,Z/¢) and suppose that all tensor products are over Z/¢
in the following.

Suppose that D is an ordinary cochain complex of /-torsion modules. The tensor
product pairing
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hom(Xy,Z/¢) ©7,,hom(*,D") — hom(X, x *,Z/{® D)
defines a bicomplex morphism
hom(X,Z/{) ®z,, D — hom(X, D).

A comparison of spectral sequences shows that this bicomplex morphism induces
a weak equivalence of associated total complexes, since all homology groups
H,(X,7/¢) are finite. In effect, the map on E,-terms is the canonical pairing

HY(X,Z/¢)® H? (D) — H1(X,H? (D)).
The isomorphic pairing
hom(H,(X),Z/l) @ H? (D) — hom(H,(X),H" (D))

takes the pair (f, ¢) to the morphism x — f(x) - ¢, and this map is an isomorphism
since the groups H,(X) are finite.
There are isomorphisms

hom(I'*X x Y,J) 2 hom(I"*X,Hom(Y,J)) = hom(X,hom(Y,J))

and we use D = Tot(hom(Y,J)) as in the previous paragraph to finish the proof.

Lemma 8.45. Suppose that ¢ is a prime number, and suppose that € is a site which
has the property that the canonical map F — ILI'*F is a bijection for all finite
sets F. Suppose that Y is a simplicial set such that all groups Hi(Y,Z/{) are finite.
Suppose that X is a simplicial presheaf on €. Then the Kiinneth spectral sequence

EPY = HP(X,HY(*Y,Z/0)) = HP (X x [*Y,Z/0)

collapses at the E>-level.

All étale sites for connected schemes S satisfy the condition on the site € of
Lemma 8.45. In that case, the constant sheaf I"*F on a finite set F is represented by
the scheme | | S.

Proof. We use the machinery which was developed for the proof of Theorem 8.37.
Suppose that Z /¢ — J is an injective resolution in ¢-torsion sheaves, and that the
map U — X is a local weak equivalence. Let

Tot(Hom(I"*Y,J)) — 1
be a Cartan-Eilenberg resolution, and consider the bicomplex morphisms

hom(U,Z/¢) @ hom(Y,Z/¢) — hom(U,Z/¢) @ hom(x, Tot(Hom(I"*Y,J)))

"~ hom(U, Tot(1))
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The horizontal morphism in the diagram is induced by the composite cochain com-
plex map

hom(Y,Z/¢) s hom(I"*Y,Z) ).

Comparing spectral sequences along the dotted arrow composite gives an E,-level
map
7(U,Z/0[~p]) & HI(Y, Z/{) — H? (X, A(T"Y, Z/0)),

and this map may be identified up to isomorphism with the canonical morphism
n(U,H (Y, Z/0)[~p]) — H" (X, HY(I""Y, /1))

by the assumptions on the simplicial set Y and the site €. In effect, we use Lemma
8.44 to show that H*(I"'*Y,Z/{) is the sheaf associated to the presheaf

U—H*(Y,Z/0)H"(U,Z/°).
It follows that there is an isomorphism
H*(C*Y,Z)0) = T*(H*(Y,Z/{))

since Z/¢ — ILI"*Z// is an isomorphism of groups.
Finish the proof as in the argument for Theorem 8.37.

We finish this section with a calculation. Suppose that S is a scheme, and let
O,.s = § X Oy be the standard orthogonal group over S. In affine sections, the group-
scheme O, over Z is the e of (n x n)-matrices A such that A-A" =A"-A =1, Ttis
also the group of automorphisms of the trivial symmetric form of rank n. Then we
have the following result of [35]:

Theorem 8.46. Suppose that S is a connected scheme such that 2 is invertible in all
residue fields, and let X be a simplicial presheaf on the site (Sch|s)e. Then there is
an isomorphism

H*(X xBO,s,2/2) = H*(X,Z/2)[HW;,HW,,...,HW,],
of rings, where the degree of the polynomial generator HW; is i.

The polynomial generators HW; of Theorem 8.46 are the universal Hasse-Witt
classes [34].

Proof. The inclusion i : Z/2*" C O,z induces a simplicial sheaf map
i:I'"BZ/2"" — BO, .

The symmetric group X, acts on Z/2*" by permuting factors.

Suppose that p : & — S is a scheme homomorphism where & is a strict local
hensel ring.

A base change argument (Corollary 8.40) says that there is an isomorphism
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H*(BO,.0,Z,)2) = H*(BZ/2", Z,/2)™ = 7./2[01,..., 0],

where o; is the i’ elementary symmetric polynomial in the degree 1 generators
X1,...,%, for the space BZ/2*". It follows that the map i : I"*BZ /2" — BO,
induces an isomorphism

H*(BO,.5,7./2) = H*(I'*BZ/2"",7./2)*".
The map i induces a comparison
HP(X,H%(BO, s,7./2)) — HP(X,HY(I"*BZ/2*",7,/2))

of Kiinneth spectral sequences at the Ej-level. This map is induced by a split
monomorphism of coefficient sheaves by the previous paragraph, and is therefore a
monomorphism. The Kiinneth spectral sequence for H*(I"*BZ/2*",7,/2) collapses
at the E»-level by Lemma 8.44 and the connectedness assumption for S. It follows
that the Kiinneth spectral sequence for H*(BO,,5,7/2) collapses at the Ep-level. It
also follows that the map

i* : H*(BO,.5,7./2) — H*(I'*BZ/2*" 7./2)

is a monomorphism.
The filtration on the group

HPY(X x T*BZ,/2°",7,/2)

arising from the Kiinneth spectral sequence is X,-equivariant, and restricts to a fil-

tration on
HPY(X x*BZ/2"",7./2)*"

with filtration quotients
HP(X,7,/2) @ HY(BZ/2*",7./2)*".

The map
HP™(X x BO,s5,7/2) — H"*9(X x [*BZ/2*",7/2)

induces a map
H"™(X x BO,5,2/2) — H'™(X x [*BZ/2*",Z,/2)*"

of filtered groups which is an isomorphism on filtration quotients.






Chapter 9
Non-abelian cohomology

9.1 Torsors for groups

Suppose that G is a sheaf of groups. A G-torsor is traditionally defined to be a sheaf
X with a free G-action such that X /G 22 « in the sheaf category.

The simplicial sheaf EG x X is the nerve of a sheaf of groupoids, which is given
in each section by the translation category for the action of G(U) on X (U) — see
Example 1.7. It follows that all sheaves of higher homotopy groups for EG X X
vanish. The requirement that the action G x X — X is free means that the isotropy
subgroups of G for the action are trivial in all sections, which is equivalent to re-
quiring that all sheaves of fundamental groups for the Borel construction EG x g X
are trivial. Finally, there is an isomorphism of sheaves

(EG xgX) =2 X/G.
These observations together imply the following:

Lemma 9.1. A sheaf X with G-action is a G-torsor if and only if the simplicial sheaf
map EG xXgX — x is a local weak equivalence.

Example 9.2. If G is a sheaf of groups, then EG = EG X G is contractible in each
section, so that the map
EGxgG— %

is a local weak equivalence, and G is a G-torsor. This object is often called the trivial
G-torsor.

Example 9.3. Suppose that L/k is a finite Galois extension of fields with Galois
group G. Let C(L) be the Cech resolution for the étale covering Sp(L) — Sp(k), as
in Example 4.18. Then there is an isomorphism of simplicial schemes

C(L) = EG xSp(L),

195



196 9 Non-abelian cohomology

and the simplicial presheaf map C(L) — * on Sch|y is a local weak equivalence for
the étale topology. The k-scheme Sp(L) represents a G-torsor for all of the standard
étale sites associated with the field k.

The category G — tors of G-torsors is the category whose objects are all G-
torsors and whose maps are all G-equivariant maps between them.

Lemma 9.4. Suppose that G is a sheaf of groups. Then the category G — tors of
G-torsors is a groupoid.

Proof. If f: X — Y is a map of G-torsors, then f is induced as a map of fibres by
the comparison of local fibrations

EGxgX ———>EGxgY
BG

The map f : X — Y of fibres is a weak equivalence of constant simplicial sheaves by
Lemma 5.16 and properness of the injective model structure for simplicial sheaves,
and is therefore an isomorphism.

Remark 9.5. Suppose that X is a G-torsor, and that the canonical map X — * has a
(global) section ¢ : * — X. Then o extends, by multiplication, (also uniquely) to a
G-equivariant map

o.:G—X,

with 0,(g) = g- oy for g € G(U). This map is an isomorphism of torsors, so that
X is trivial with trivializing isomorphism o,. Conversely, if 7: G — X is a map of
torsors, then X has a global section 7(e). Thus a G-torsor X is trivial in the sense
that it is isomorphic to G if and only if it has a global section.

Example 9.6. Suppose that X is a topological space. The category of sheaves on
op|x can be identified up to equivalence with the slice category Top /X of spaces
Y — X fibred over X.

If G is a topological group, then G represents the sheaf G x X — X given by
projection. A sheaf with G-action consists of a map Y — X together with a G-action
G x Y — Y such that the map ¥ — X is G-equivariant for the trivial G-action on X.
Such a thing is a G-torsor if the action G x Y — Y is free and the map Y /G — X is
an isomorphism. The latter implies that X has an open covering i : U C X such that

there are liftings
Y
il
X

U——

Torsors are stable under pullback along continuous maps, and the map U xx Y — U
is a G-torsor over U. The map ¢ induces a global section o, of this map, so that the
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pulled back torsor is trivial, and there is a commutative diagram

Gin>U><XY

N

U

where the displayed isomorphism is G-equivariant. It follows that a G-torsor over X
is a principal G-bundle over X, and conversely.

Example 9.7. Suppose that U is an object of a small site 4. Composition with the
forgetful functor ¢ : ¥ /U — ¥ defines a restriction functor

Shv(%¢) — Shv(¢'/U),

written F — F|y. The restriction functor is exact, and therefore takes G-torsors to
G|y-torsors. The global sections of F |y coincide with the elements of the set F(U),
so that a G-torsor X trivializes over U if and only if X (U) # 0, or if and only if there
is a diagram

X

/|

U—— %

The map X — * is a local epimorphism, so there is a covering family Uy — * (ie.
such that | | Uy — * is a local epimorphism) with X (Uy ) # 0. In other words, every
torsor trivializes over some covering family of the point *.

Suppose that the picture
Y% BG
is an object of the cocycle category h(x,BG) in simplicial presheaves, and form the
pullback
pb(Y) ——Y

|k

EGT>BG

where EG = B(G/+) = EG X G and © : EG — BG is the canonical map. Then
pb(Y) inherits a G-action from the G-action on EG, and the map

EGxgpb(Y) =Y ©.1)

is a sectionwise weak equivalence (this is a consequence of Lemma 9.9 below).
Also, the square is homotopy cartesian in sections, so there is a local weak equiva-
lence

Glu = pb(Y)[u
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where Y (U) # 0. It follows that the canonical map pb(Y) — @ypb(Y) is a G-
equivariant local weak equivalence, and hence that the maps

EGxgfgpb(Y) < EG xgpb(Y) = Y ~ %

are natural local weak equivalences. In particular, the G-sheaf ) pb(Y) is a G-torsor.
We therefore have a functor

h(*,BG) — G — tors

defined by sending % <— ¥ — BG to the object & pb(Y). The Borel construction
defines a functor
G —tors — h(x,BG)

in which the G-torsor X is sent to the (canonical) cocycle
* < EG xgX — BG.

It is elementary to check (see also the proof of Theorem 9.14 below) that these two
functors induce a bijection

moh(*, BG) = m(G — tors).

The set my(G — tors) is isomorphism classes of G-torsors, and we know from
Theorem 5.34 that there is an isomorphism

moh(*, BG) = [, BG].

The non-abelian invariant H'(%’,G) is traditionally defined to be the collection of
isomorphism classes of G-torsors. We have therefore proved the following:

Theorem 9.8. Suppose that G is a sheaf of groups on a small Grothendieck site €.
Then there is a bijection
[+,BG] = H'(%,G).

Theorem 9.8 was first proved, by a different method, in [34].
Here’s the missing lemma:

Lemma 9.9. Suppose that I is a small category and that p : X — I is a simplicial
set map. Let the pullback diagrams

pb(X) (i) —=X

| ]

B(I/i) — BI

define the I-diagram i — pb(X)(i). Then the resulting map
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@ :holime; pb(X)(i) — X
is a weak equivalence.

Proof. The simplicial set
holim e; pb(X)(i)

is the diagonal of a bisimplicial set whose (n,m)-bisimplices are pairs
(xio = - =iy = jo— = jm)
where x € X,,, the morphisms are in 7, and p(x) is the string
o — - — iy

The map
@ :holime; pb(X)(i) — X

takes such an (n,m)-bisimplex to x € X,,. The fibre of @ over x in vertical degree n
can be identified with the simplicial set B(i,/I), which is contractible.

Example 9.10. Suppose that k is a field. Let € be the étale site et|; for k, and identify
the orthogonal group O, = O, x with a sheaf of groups on this site. The non-abelian
cohomology object H), (k, 0,) coincides with the set of isomorphism classes of non-
degenerate symmetric bilinear forms over k of rank n. Thus, every such form ¢
determines a morphism * — BO, in the simplicial (pre)sheaf homotopy category on
Sch|y, and this morphism determines the form ¢ up to isomorphism.

Suppose that & is a field such that char(k) # 2. Then, by Theorem 8.46, there is
a ring isomorphism

H,, (BOwi/2) = Hy (K, 2/ ) [HW,, ..., HW,]

where the polynomial generator HW; has degree i. The generator HW; is character-
ized by mapping to the i’ elementary symmetric polynomial o;(xy,...,x,) under
the map

H*(BOus,7,)2) — H* (I BZ)2°" 7,)2) = H, (k, Z)2) [x1, ... ).

Every symmetric bilinear form o determines a map « : * — BO,, in the simplicial
presheaf homotopy category, and therefore induces a map

o : H(BO,,7.)2) — H, (k,Z)2),

and HW;(a) = o* (HW;) is the i'" Hasse-Witt class of «.

One can show that HW, () is the pullback of the determinant BO,, — BZ/2, and
HW, () is the classical Hasse-Witt invariant of a.

The Steenrod algebra is used to calculate the relation between Hasse-Witt and
Stiefel-Whitney classes for Galois representations. This calculation uses the Wu for-
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mulas for the action of the Steenrod algebra on elementary symmetric polynomials
— see [34], [35]. We shall discuss Steenrod operations in more detail later

Example 9.11. Suppose that S is a scheme. The general linear group Gl,, represents
a sheaf of groups on the étale site (Schl|s), and the sheaf of groups G,, can be
identified with the centre of G, via the diagonal imbedding G,, — GL,. There is a
short exact sequence

e — G — Gly 5 PGl, — ¢

of sheaves of groups on (Sch|s)e. The projective general linear group PG, can
be identified with the group scheme of automorphisms Aut(M,,) of the scheme of
(n x n)-matrices M,,, and the homomorphism p takes an invertible matrix A to the
automorphism defined by conjugation by A.

Since G, is a central subgroup of Gl,, there is an induced action

BG,, x BGl, — BGl,

of the simplicial abelian group BG,, on the simplicial sheaf BGI,, and there is an in-
duced sectionwise (hence local) fibre sequence associated to the sequence of bisim-
plicial objects

BGl, — EBG,, xpg,, BGl, = BBG,, ~ K(G,,,2)

after taking diagonals.
In effect, if A x X — X is an action of a connected simplicial abelian group A on
a connected simplicial set X then all sequences

XA xX—A"
are fibre sequences of connected simplicial sets, so that the sequence
X —>EAx,X — BA

of bisimplicial set maps induces a fibre sequence of simplicial sets after taking di-
agonals, by a theorem of Bousfield and Friedlander [24, IV.4.9].
The BG,, action on BGI, is free, so there is a local weak equivalence

EBG,, xpg,, BGlL, = BPGl,.

It follows that the map 7 induces a function

d:=m,

HL(S,PGl,) = [*,BPGl,] == [%,K(G,,,2)] = H2(S,G,,).

The set H], (S, Gl,) is isomorphism classes of vector bundles over S of rank n, and
the set H, (S, PGl,) is the set of isomorphisms classes of rank n> Azumaya algebras.
The map

P« [*¥,BGl,| — [*,BPGl,]
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takes a vector bundle E to the Azumaya algebra End(E) which is defined by the
sheaf of endomorphisms of the S-module E.

Recall that the Brauer group Br(S) is the abelian group of similarity classes of
Azumaya algebras over S: the Azumaya algebras A and B are similar if there are
vector bundles E and F such that there are isomorphisms

AQEnd(E) 2 BREnd(F).

The group stucture on Br(S) is induced by tensor product of Azumaya algebras.
More explicitly, tensor product of modules induces a comparison of exact se-
quences

¢ —> G, %G,y —> Gl, x Gl,, %> PGI, x PGl, —> ¢

e G Glun - PGl,, —e¢

where + is the group structure on G, and the induced map
® : [*,BPGl,] X [*,BPGly] — [, BPGlyy|

defines the tensor product of Azumaya algebras. We also have induced commutative
diagrams

[+, BPGL,| x [#,BPGlLy] =% H2(S,Gpn) x H (S, Gn)

®l |+

[, BPGly) H2(S,Gy)

d

in which the displayed pairing on H?(S,G,,) is the abelian group addition. It follows
that the collection of morphisms

d: [*,BPGl,) — H%(S,G,,)
define a group homomorphism
d:Br(S) = H2(S,G,,).

This homomorphism d is a monomorphism: if d(A) = 0 for some Azumaya al-
gebra A, then there is an isomorphism A 22 End(E) for some vector bundle E by the
exactness of the sequence

[%, BGL,| 2 [+, BPGL,] % H2(S,G),

so that A represents 0 in the Brauer group.



202 9 Non-abelian cohomology

Finally, if S is connected then the Brauer group Br(S) consists of torsion ele-
ments. As in [53, IV.2.7], this follows from the existence of the diagram of short
exact sequences of sheaves of groups

L

e ,L\LLn Gm - G, —=e
! o

e Si, Gl, G, —=c¢

on the étale site (Schs).r, where L, is the subgroup of n-torsion elements in Gy,.
The vertical sequence on the left is a central extension, so that there is a map d :
[*,BPGl,]| — H},(S, 1t,) which fits into a commutative diagram

%, BPGL,| —> H2 (S, 11,)

. /

[, BPGl,] e Hezt (5,Gn)

and H2 (S, i) is an n-torsion abelian group. It follows that the Brauer group Br(S)
consists of torsion elements if the scheme S has finitely many components.
The assertion that there is monomorphism

d: Br(S) = H2(S,Gum)rors

into the torsion part of Hezt (S,G,,) is a well known theorem of étale cohomology
theory [53, IV.2.5]. The distinctive feature of the the present development is the use
of easily defined fibre sequences of simplicial sheaves to produce the map d.

9.2 Torsors for groupoids

Suppose that [ is a small category. A functor X : I — Set consists of sets X (i),
i € Ob(I) and functions o : X (i) — X(j) for o : i — j in Mor(I) such that a8, =
(a - B)+ for all composable pairs of morphisms in 7 and (1;). = 1x; for all objects
iofl.

The sets X (i) can be collected together to give a set
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m:X= || X(@)— || =0b{)

icOb([) ic0b(I)

and the assignments & — o, can be collectively rewritten as a commutative diagram

X Xz, Mor(I) —" o x 9.2)

Mor(I) ——— Ob()
where s, : Mor(I) — Ob([) are the source and target maps, respectively, and

X Xz sMor([) . Mor(I)

| is

X ——— 0b(I)

is a pullback. Then the notation is awkward, but the composition laws for the functor
X translate into the commutativity of the diagrams

X % . Mor() %, Mor(I) ™ X 5 s Mor(I) (9.3)
mx1 \L J/m
X Xz,sMor(I) — X
and
X —> X Xz Mor(I) (9.4)
\ lm
1
X

Here, my is the composition law of the category I, and the map e, is uniquely deter-
mined by the commutative diagram

- Ob(1)
where the map e picks out the identity morphisms of /.

Thus, a functor X : I — Set consists of a function 7 : X — Ob(I) together with an
action m : X Xz s Mor(I) — X making the diagram (9.2) commute, and such that the
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diagrams (9.3) and (9.4) also commute. This is the internal description of a functor,
which description can be used to define functors on category objects.

Specifically, suppose that G is a sheaf of groupoids on a site ¥. Then a sheaf-
valued functor X on G, or more commonly a G-functor, consists of a sheaf map 7 :
X — Ob(G), together with an action morphism m : X Xz ¢ Mor(G) — X in sheaves
such that the diagrams corresponding to (9.2), (9.3) and (9.4) commute in the sheaf
category.

Alternatively, X consists of set-valued functors

X(U):G(U) — Sets
with x — X (U), for x € Ob(G(U)), together with functions
O X(U)x = X (V) ()
for each ¢ : V — U in ¥, such that the assignment

UmXU)= || XU).UEe¢%,
x€0b(G(V))

defines a sheaf and the diagrams

X(V)¢*(x) W (V)tp*(y)

commute for each & : x — y of Mor(G) and all ¢ : V — U of %
From this alternative point of view, it’s easy to see that a G-functor X defines a
natural simplicial (pre)sheaf homomorphism

p: holin_;c X — BG.
One makes the construction sectionwise.

Remark 9.12. The homotopy colimit construction for G-functors is a direct gener-
alization of the Borel construction for sheaves Y with actions by sheaves of groups
H: the simplicial sheaf EH x g Y is the homotopy colimit holi@ HY.

Say that a G-functor X is a G-torsor if the canonical map
hO]llllG X —x*

is a local weak equivalence.
A morphism f : X — Y of G-torsors is a natural transformation of G-functors,
namely a sheaf morphism
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f
X—Y
Ob(G)
fibred over Ob(G) which respects the multiplication maps. Write G — tors for the

category of G-torsors and the natural transformations between them.
The diagram

X —— hOlllllG X
Ob(G) ——= BG

is homotopy cartesian in each section by Quillen’s Theorem B [24, IV.5.2] (more
specifically, Lemma 5.7), since G is a (pre)sheaf of groupoids, and is therefore ho-
motopy cartesian in simplicial sheaves. It follows that a morphism f : X — Y of
G-torsors specializes to a weak equivalence X — Y of constant simplicial sheaves,
which is therefore an isomorphism.

We therefore have the following generalization of Lemma 9.4:

Lemma 9.13. Suppose that G is a sheaf of groupoids. The the category G — tors of
G-torsors is a groupoid.

Every G-torsor X has an associated cocycle
% <= holim g X 2, BG,
called the canonical cocycle, and this association defines a functor
¢ : G—tors — h(x,BG)

taking values in the simplicial sheaf cocycle category.
Now suppose given a cocycle

« &Y 5 BG
in simplicial sheaves and form the pullback diagrams

pb(Y)(U)y —=Y(U)

Lk

B(G(U)/x) — BG(U)
of simplicial sets for each x € Ob(G(U)) and U € €. Set

pb(V)U)= || pb(Y)(U)x
X€0b(G(U))
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Then the resulting simplicial presheaf map pb(Y) — Ob(G) defines a simplicial
presheaf valued functor on G. There is a sectionwise weak equivalence

holim g pb(Y) — ¥ ~ %

by Lemma 9.9, and the diagram

pb(Y) —— holim g pb(Y)
Ob(G) —— BG
is sectionwise homotopy cartesian. It follows that the natural transformation
pb(¥) = (Y)

of simplicial presheaf-valued functors on G is a local weak equivalence. In sum-
mary, we have local weak equivalences

holim Fopb(Y) ~ holim ¢ pb(Y) =Y ~x,

so that the sheaf-valued functor 7y pb(Y) on G is a G-torsor. These constructions are
functorial on &(*, BG) and there is a functor

y : h(x,BG) — G — tors.
Theorem 9.14. The functors ¢ and  induce a homotopy equivalence
B(G —tors) ~ Bh(x,BG).
Corollary 9.15. The functors ¢ and y induce a bijection
(G — tors) = [+, BG].

There are multiple possible proofs of Corollary 9.15 (see also [42]), but it is
convenient here to use a trick for diagrams of simplicial sets which are indexed by
groupoids.

Suppose that I is a small groupoid, and let sSet! be the category of I'-diagrams
in simplicial sets. Let sSet/BI” be the category of simplicial set morphisms ¥ — BI".
The homotopy colimit defines a functor

holim - : sSet! — sSet/BI".

This functor sends a diagram X : I — sSet to the canonical map holimX — BI".
On the other hand, given a simplicial set map ¥ — BI, the collection of pullback
diagrams
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pb(Y)y ——Y

-

B(I' /x) —— BI'
defines an I'"-diagram pb(Y) : I' — sSet which is functorial in Y — BI".
Lemma 9.16. Suppose that I is a groupoid. Then the functors

pb : sSet/BI" = sSet! : holim -

form an adjoint pair: pb is left adjoint to holim .

Proof. Suppose that X is a I'-diagram and that p : ¥ — BI is a simplicial set over
BI'. Suppose given a natural transformation

fipb(Y)n — X,
and let x be an object of I'. Then an element of (pb(Y)), can be identified with a
pair
(x,a0 = -+ — ap > x)

where the string of arrows is in I" and p(x) is the string ap — ...a,. Then f is
uniquely determined by the images of the elements

f(x,a0—>~--—>ani>an)

in X,(ay). Since I' is a groupoid, an element y € X(a,) uniquely determines an
element

(vo,a0) = (y1,a1) = ... (Yn,@n)

with y, = y. It follows that there is a natural bijection
homp (pb(Y )., X,) = homgr;, (Y, (lmr)()n).
Extend simplicially to get the adjunction isomorphism
homp (pb(Y),X) = hompr (¥, holim X).

Proof (Proof of Theorem 9.14). It follows from Lemma 9.16 that the functor y is
left adjoint to the functor ¢.

Suppose that H is a groupoid and that x € Ob(H). The groupoid H /x has a ter-
minal object and hence determines a cocycle

% < B(H/x) — BH.

If a € Ob(H) then in the pullback diagram
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pb(B(H /x))(a) — B(H /x)

| |

B(H/a) ——> BH
the object pb(B(H /x))(a) is the nerve of a groupoid whose objects are the diagrams
alb £> X

in H, and whose morphisms are the diagrams

LN
a l X
OC\ b/ ﬁ/
In the presence of such a picture, B - o~ = B’ (a’)~'. There are uniquely deter-

mined diagrams
b B
[04
) / l \ )
1\ a %1—1
for each object a Py E) x. It follows that there is a natural bijection

Topb(B(H /x)(a) = homy (a, x)

and that
pb(B(H /x))(a) — mpb(B(H /x))(a)

is a natural weak equivalence.
It also follows that there are weak equivalences

holim scyy pb(B(H /x))(a) —— B(H /x) ~ x
holim 4e s homy (a,x)
so that the functor a — homy (a,x) defines an H-torsor. Here, the function
Bs : homy (a,x) — homg (b, x)
induced by B : @ — b is precomposition with 1.

To put it a different way, each x € H determines a H-torsor a — homp(a,x),
which we’ll call homy ( ,x) and there is a functor
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H — H —tors

which is defined by x — homg ( ,x).

Observe that the maps homy (,x) — Y classify elements of ¥ (x) for all functors
Y :H — Set.

In general, every global section x of a sheaf of groupoids G determines a G-
torsor homg( ,x) which is constructed sectionwise according to the recipe above. In
particular, this is the torsor associated by the pullback construction to the cocycle

* < B(G/x) — BG.

The torsors homg( ,x) are the trivial torsors for the sheaf of groupoids G. There is
a functor
j: .G — G —tors

which is defined by j(x) = homg( ,x).
Observe that torsor (iso)morphisms

or trivializations are in bijective correspondence with global sections of X which
map to x € Ob(G) under the structure map X — Ob(G).

Remark 9.17. We have not discussed the size of the objects involved in Theorem
9.14. The statement makes no sense unless the cocycle and torsor categories are
small in some sense. However, G-torsors are locally isomorphic to some homg( ,x)
since sections of Ob(G) lift locally to X, so that there is some cardinal o which
bounds all G-torsors (and is also an upper bound on |Mor(%)|), and the category
G — tors can be taken to be small. On the other hand, the canonical cocycle functor

¢ : G—tors — h(x,BG)
takes values in the full subcategory % (*, BG), of cocycles
x <Y =BG

of cocycles which are bounded by 7 in the sense that |Y| < y provided that o < .
Thus the correct statement of Theorem 9.14 is to assert that there is an infinite
cardinal o so that there are homotopy equivalences

B(G —tors) ~ Bh(*,BG)y.

for all cardinals Y > «. In particular, the map
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Bh(*,BG)q — Bh(*,BG)y

is a weak equivalence for all Y > o for some infinite cardinal o.
See Proposition 5.36 and Lemma 5.39.

These constructions restrict well. If ¢ : V — U is a morphism of the underlying
site ¢ then composition with ¢ defines a functor

0. :C/V—>%€/U,
and composition with @, determines a restriction functor
0" :Pre(¢/U) — Pre(€/V)

which takes F|y to F|y for any presheaf F on %. All restriction functors take
sheaves to sheaves and are exact. Thus, ¢* takes a G|y-torsor to a G|y torsor. In
particular,

¢*homG|U( ,X) = homG‘v( Xy )
for all x € G(U). The functor ¢* also preserves cocycles.
It follows that there is a presheaf of groupoids G — Tors on the site € with
G —Tors(U) = G|y —tors
and a presheaf of categories H(x, BG) with
H(*,BG)(U) = h(*,BG|y).

and there are functors

G*J>G—T0rs

Nk

H(*,BG)

where ¢ induces a sectionwise weak equivalence
B(G — Tors) — BH(*.BG)

by Theorem 9.14, and the displayed map is defined by sending an object x € G(U)
to the cocycle B(G|y /x) — BG|y.

The images hom( ,x) of the functor j: G — G — Tors are the trivial torsors,
and maps (isomorphisms) hom( ,x) — X of G-torsors are global sections of X. Ev-
ery G-torsor X has sections along some cover, since MGX — x is a local weak
equivalence, so every G-torsor is locally trivial.
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9.3 Stacks and homotopy theory

Write Pre(Gpd(%)) for the category of presheaves of groupoids on a small site &'

Say that a morphism f : G — H of presheaves of groupoids is a local weak equiv-
alence (respectively injective fibration) if and only if the induced map f. : BG — BH
is a local weak equivalence (respectively injective fibration). A morphismi:A — B
of presheaves of groupoids is a cofibration if it has the left lifting property with
respect to all trivial fibrations.

The fundamental groupoid functor X — 7(X) is left adjoint to the nerve functor.
It follows that every cofibration A — B of simplicial presheaves induces a cofibration
7(A) — 7 (B) of presheaves of groupoids. The class of cofibrations A — B is closed
under pushout along arbitrary morphisms A — G, because cofibrations are defined
by a left lifting property.

There is a function complex construction for presheaves of groupoids: the sim-
plicial set hom(G, H) has for n-simplices all morphisms

¢:Gxm(A") — H.
There is a natural isomorphism
hom(G,H) = hom(BG,BH),
which sends the simplex ¢ to the composite

BG x A" U BG x Br(A") = B(G x n(A")) 5 BH.

The following result appears in [28]:

Proposition 9.18. With these definitions, the category Pre(Gpd(%€)) satisfies the
axioms for a right proper closed simplicial model category.

Proof. The injective model structure for the category sPre(%’) is cofibrantly gener-
ated. It follows easily that every morphism f : G — H has a factorization

G4j>Z

N

H

such that j is a cofibration and p is a trivial fibration.
The other factorization axiom can be proved the same way, provided one knows
that if i : A — B is a trivial cofibration of simplicial presheaves and the diagram
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E(A) H([
n(B) ——=H

is a pushout, then the map i is a local weak equivalence. But one can prove the
corresponding statement for ordinary groupoids, and the general case follows by a
Boolean localization argument (exercise).

The claim is proved for ordinary groupoids by observing that in all pushout dia-
grams

i L

n(A") ——H

the map i, is an isomorphism for n > 2 and is the inclusion of a strong deformation
retraction if n = 1. The classes of isomorphisms and strong deformation retractions
are both closed under pushout in the category of groupoids.

All other closed model axioms are trivial to verify, as is right properness. The
simplicial model axiom SM7 has an elementary argument, which ultimately follows
from the fact that the fundamental groupoid functor preserves products.

One can make the same definitions for sheaves of groupoids: say that a map
f+ G — H of sheaves of groupoids is a local weak equivalence (respectively injec-
tive fibration) if the associated simplicial sheaf map f. : BG — BH is a local weak
equivalence (respectively injective fibration). Cofibrations are defined by a left lift-
ing property, as before.

Write Shv(Gpd (%)) and observe that the forgetful functor i and associated sheaf
functor L? induce an adjoint pair

L* : Pre(Gpd(%)) = Shv(Gpd(%)) : i

According to the definitions, the forgetful functor i preserves fibrations and trivial
fibrations. Moreover, the canonical map 1 : BG — iL*>BG is always a local weak
equivalence. The method of proof of Proposition 9.18 and formal nonsense now
combine to prove the following

Proposition 9.19. 1) With these definitions, the category Shv(Gpd(%)) of sheaves
of groupoids satisfies the axioms for a right proper closed simplicial model cat-

egory.
2) The adjoint pair
L? : Pre(Gpd(%)) = Shv(Gpd (%)) : i

forms a Quillen equivalence.
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The model structures of Proposition 9.18 and 9.19 are the injective model struc-
tures for presheaves and sheaves of groupoids on a site €, respectively, which model
structures are Quillen equivalent.

Part 1) of Proposition 9.19 was first proved in [47]. This was a breakthrough
result, in that it enabled the following definition:

Definition 9.20. A sheaf of groupoids H is said to be a stack if it satisfies descent
for the injective model structure on Shv(Gpd(%)).

In other words, H is a stack if and only if every injective fibrant model j: H — H’
is a sectionwise weak equivalence.

Remark 9.21. Classically, stacks are defined to be sheaves of groupoids which sat-
isfy the effective descent condition. The effective descent condition, which is de-
scribed below, is equivalent to the homotopy theoretic descent condition of Defini-
tion 9.20 — this is proved in Proposition 9.26.

Observe that if j : H — H’ is an injective fibrant model in sheaves (or presheaves)
of groupoids, then the induced map j, : BH — BH' is an injective fibrant model in
simplicial presheaves. Thus, H is a stack if and only if the simplicial presheaf BH
satisfies descent.

Every injective fibrant object is a stack, because injective fibrant objects sat-
isfy descent. This means that every injective fibrant model j : G — H of a sheaf
of groupoids G is a stack completion. . This model j can be constructed functori-
ally, since the injective model structure on Shv(Gpd(%)) is cofibrantly generated.
We can therefore speak unambiguously about “the” stack completion of a sheaf of
groupoids G — the stack completion is also called the associated stack.

Similar definitions can also be made for presheaves of groupoids. This means,
effectively, that stacks are identified with homotopy types of presheaves or sheaves
of groupoids, within the respective injective model structures.

Some of the most common examples of stacks come from group actions. Sup-
pose that G x X — X is an action of a sheaf of groups G on a sheaf X. Then the
Borel construction EG X X is the nerve of a sheaf of groupoids EgX. The stack
completion

Jj i EcX — [X/G]

is called the quotient stack.
A G-torsor over X is a G-equivariant map P — X where P is a G-torsor. A mor-
phism of G-torsors over X is a commutative diagram

PT/P/

of G-equivariant morphisms, where P and P’ are G-torsors. Write G — tors/X for
the corresponding groupoid.
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If P — X is a G-torsor over X, then the induced map of Borel constructions
%<~ EGxGP—EGxgX
is an object of the cocycle category
h(x,EG xgX),
and the assignment is functorial. Conversely, if the diagram
x<—U —EGxgX

is a cocycle, then the induced map

fypb(U) — Fopb(EG xX) 5 X

is a G-torsor over X. Here, as above, the pullback functor pb is defined over the
canonical map EG — BG.
The functors

fopb: h(x,EGxgX) S G—tors/X : EGXg ?
are adjoint, and we have proved
Lemma 9.22. There is a weak equivalence
B(G —tors/X) ~ Bh(x,EG x G X).
In particular, there is an induced bijection
(G —tors/X) = [x,EG X X].

Lemma 9.22 was proved by a different method in [39]. There is a generalization of
this result, having essentially the same proof, for the homotopy colimit l&l_irg(; X of
a diagram X on a sheaf of groupoids G. See [44].
The sheaves of groupoids G and H are said to be Morita equivalent if there is a
diagram
LKL H
of morphisms such that the induced maps p, and g, in the diagram

BG & BK % BH

are local trivial fibrations of simplicial sheaves.

Clearly, if G and H are Morita equivalent then they are weakly equivalent for the
injective model structure.

Conversely, if f: G — H is a local weak equivalence, take the cocycle
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G%GXH

and find a factorization
J
G——K

wf \L(Pl-,lh)
GxH

such that j is a local weak equivalence and (p1,p2) is an injective fibration. Then
the induced map

BK P2 gy BH

is an injective hence local fibration, and the projection maps BG x BH — BG and
BG x BH — BH are local fibrations since BG and BH are locally fibrant. It follows
that the maps

G k2 g

define a Morita equivalence.
We have shown the following:

Lemma 9.23. Suppose that G and H are sheaves of groupoids. Then G and H are
locally weakly equivalent if and only if they are Morita equivalent.

Categories of cocycles and torsors can both be used to construct models for the
associated stack. The precise statement appears in Corollary 9.25, which is a corol-
lary of the proof of the following:

Proposition 9.24. Suppose that G is a sheaf of groupoids on a small site €. Then
the induced maps

BG —>B(G— Tors)

Iy

BH(x,BG)
are local weak equivalences of simplicial presheaves.

Proof. Suppose, first of all, that H is an injective fibrant sheaf of groupoids. We
show that the morphisms

BH —~ B(H — Tors)

gt

BH(*,BH)

are sectionwise weak equivalences of simplicial sheaves.
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The map ¢, is a sectionwise equivalence for all sheaves of groupoids H by Theo-
rem 9.14. It is an exercise to show that the morphism j is fully faithful in all sections,
again for all sheaves of groupoids H.

Thus, it suffices to show that all maps

Jx i mBH(U) — myB(H — Tors)(U)

is surjective for all U € ¥ under the assumption that H is injective fibrant. For this,
we can assume that the site %" has a terminal object 7 and show that the map

moBH (t) — myBH (x,BH)(t) = moBh(*,BH)

is surjective.
In every cocycle

«2U L BH

the map s is a local weak equivalence, so there is a homotopy commutative diagram

since BH is injective fibrant. This means that the cocycles (s, f), (s,xs) and (1,x)
are all in the same path component of i(x, BH).

For the general case, suppose that i : G — H is an injective fibrant model for G.
In the diagram

BG———— > BH

jl Nlj
B(G — Tors) — B(H — Tors)

¢*l~ Ni%
BH(%,BG) ——> BH(x, BH)

the indicated maps are sectionwise weak equivalences: use the paragraphs above for
the vertical maps on the right, Corollary 5.44 for the bottom i, (see also Remark
9.17), and Theorem 9.14 for ¢.. The map i, : BG — BH is a local weak equivalence
since the map i is an injective fibrant model. It follows that the map j. : BG —
B(G — Tors) is a local weak equivalence.

Corollary 9.25. Suppose that G is a sheaf of groupoids. Then the maps
j:G— G—"Tors

and
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¢-j:G— H(x,BG)

are models for the stack completion of G.

Suppose that R C hom( ,U) is a covering sieve, and also write R for the full sub-
category on 4 /U whose objects are the members ¢ : V — U of the sieve. Following
Giraud [22], an effective descent datum x : R — G on the sieve R consists of
1) objects xy € G(V), one for each object ¢ : V — U of R, and
2) morphisms x N (xy) in G(V'), one for each morphism

v —% > w

N/

U
of R,
such that the diagram
Xp s 0 (xy)

(ﬁa)*l ia*(ﬁ*)

(Bo)*(xg) ——= o B (xg)

commutes for each composable pair of morphisms

VLWHW/

RNV

U

inR.

There is a functor R — Pre(%’) which takes an object ¢ : V — U to the repre-
sentable functor hom( , V). The corresponding translation object E is a presheaf of
categories on %’: the presheaf of objects for Ef is the disjoint union

| | hom(,V)

VU
and the presheaf of morphisms for Ef is the disjoint union

|_| hom(V).

V——W
N K
N L4
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which is indexed over the morphisms of R.

Then an effective descent datum x : R — G can be identified with a functor x :
Er — G of presheaves of categories. A morphism of effective descent data is a
natural transformation of such functors. Write hom(Eg, G) for the corresponding
groupoid of effective descent data on the sieve R.

Any refinement S C R of covering sieves induces a restriction functor

hom(Eg,G) — hom(Es, G),
and in particular the inclusion R C hom( ,U) induces a functor
G(U) — hom(ER,G). 9.5)

One says that the sheaf of groupoids G satisfies the effective descent condition if
an only if the map (9.5) is an equivalence of groupoids for all covering sieves R C
hom( ,U) and all objects U of the site %

The effective descent condition is the classical criterion for a sheaf of groupoids
to be a stack, and we have the following:

Proposition 9.26. A sheaf of groupoids G is a stack if and only if it satisfies the
effective descent condition.

Proof. Suppose that G is a stack. The effective descent condition is an invariant of
sectionwise equivalence of groupoids, so it suffices to assume that G is injective
fibrant. The nerve of the groupoid hom(Eg, G) may be identified up to isomorphism
with the function complex hom(BERg, BG). There is a canonical local weak equiva-
lence BER — U (see Lemma 9.27 below), and so the induced map

BG(U) — hom(BER,BG)

is a weak equivalence of simplicial sets. This means, in particular, that the homo-
morphism
G(U) — hom(Eg,G)

is an equivalence of groupoids. It follows that G satisfies the effective descent con-
dition.

Suppose, conversely, that the sheaf of groupoids G satisfies the effective descent
condition, and let j : G — H be an injective fibrant model in sheaves of groupoids.
We must show that the map j is a sectionwise equivalence of groupoids.

The map j is fully faithful in all sections since it is a local equivalence between
sheaves of groupoids. It therefore suffices to show that the induced map 7yG(U) —
moH (U) is surjective for each U € €. In view of the commutativity of the diagram
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it further suffices to show that each canonical function

mG(U) — mh(U,BG)
is surjective. Here, U is the sheaf which is associated to the representable presheaf

hom( ,U).
Suppose that

oLv e

is a cocycle in simplicial sheaves. There is a diagram

cwvo/ay ©

BG

where C(Vy/U) is the nerve of the fundamental groupoid sheaf 7 (V) of the simpli-
cial sheaf V. The fundamental groupoid sheaf (V') can be identified up to isomor-
phism with the Cech groupoid C (p) for the local epimorphism p : Vo — U (Example
4.18). In effect, the canonical map (V) — C(p) is fully faithful and is an isomor-
phism on objects in all sections.

Let R C hom( ,U) be the covering sieve of all maps ¢ : V — U which lift to
Vo, and pick a lifting oy : V — Vy for each such ¢. The morphisms oy define a
morphism

o: || VoW

V&UGR

If o : ¢ — v is a morphism of R then there is a diagram

% Vo xu Vo Oy
/ \
Vo Vo
\U/

The collection of these maps . defines a morphism
|_| V =WV xu Vo,
9y

and we have defined a functor o : Eg — C(p). There is a corresponding diagram
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C(Vo/U) .
U/ TG \
\ 7

BER §
Finally, the assumption that G satisfies effective descent means that there is a
homotopy commutative diagram

BG

/!

BER —> BG
l K4
U

and it follows that the original cocycle (f,g) is in the path component of a cocycle
of the form |

U+ U — BG.
Lemma 9.27. Suppose that R C hom( ,U) is a covering sieve. Then the canonical

map
BERr - U

of simplicial presheaves is a local weak equivalence.
Proof. Suppose that W € ¥, and consider the induced map of W-sections

| | hom(W,V,) — hom(W,U).
Q0=+ Pn

The fibre Fy over a fixed morphism ¢ : W — U is the nerve of the category of
factorizations
Vv
Ay
w rs U

of ¢ with y € R. If ¢ : W — U is a member of R and then this category is non-empty
and has an initial object, namely the picture

| w
R L
W?U

The fibre Fj is empty if ¢ is not a member of R.
In all cases, there is a covering sieve S C hom( ,W) such that ¢ - y is in R for all
yes.
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F-fibration, 111

F-weak equivalence, 110

G-functor, 204

G — tors, for a group, 196

G — tors, for a groupoid, 205

1, trivial cofibrations, 79

J, cofibrations, 79

K(D,n), for a chain complex D, 169

Ly, left adjoint of restriction, 70
S-cofibration, 128, 137

S-fibration, 128, 137

AP, bisimplex, standard, 133

Ex* construction, 51, 55

o-bounded, 74

A'-homotopy theory, 122

dAP4, boundary, standard bisimplex, 140
n(Z,X), simplicial homotopy classes, 101
cd-topology, 16

g, forgetful functor, 86

algebra, Boolean, 29
anodyne equivalence, bisimplicial sets, 143
anodyne extension, bisimplicial sets, 141

base change, 15, 185

bicomplex, external, 182
bisimplicial set, 133

Boolean localization, 31, 63, 155
boundary, 5

Brauer group, 201

category, closed model, 9
category, cocycle, 94
category, derived, 162
category, diagram, 12
category, of elements, 6
category, ordinal number, 3

category, presheaf, 17

category, sheaf, 18

category, simplex, 7

category, slice, 6, 17

category, small, 5

category, spectra, 160

category, torsors, 196

category, translation, 6

chain complex, Moore, 153

chain complex, normalized, 154
chain homotopy classes, 163

cochain complex, 168

cocycle, 94

cocycle, bounded, 97

cocycle, canonical, 205

cocycle, normalized, 94
codegeneracies, 3

coequalizer, stably exact, 23

coface, 3

cofibration, 79, 111

cofibration, F-trivial, 116

cofibration, bisimplicial presheaves, 134
cofibration, bounded, 10, 75, 114, 130, 134
cofibration, chain complexes, 158
cofibration, projective, 12, 66
cofibration, simplical modules, 156
cofibration, simplicial presheaves, 67
cofibration, simplicial sets, 9
cofibration, spectra, 161

cofibration, trivial, 9, 76
cohomologically smooth and proper, 183
cohomology, mixed, 174
cohomology, simplicial presheaf, 172
colimit, homotopy, 6

complement, 29

complex, shifted, 159

conjecture, Illusie, 155
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coproduct, disjoint, 22

coribration, bisimplicial sets, 136
correspondence, Dold-Kan, 154, 158
cover, Boolean, 35

cover, Diaconescu, 36

cup product, 181

cup product, external, 179

degeneracy, 5

descent, 171

descent, faithfully flat, 40
descent, homotopical, 81
descent, effective, 218

epimorphism, local, 20

equivalence, Morita, 214
equivalence, stable, 162

exact sequence, Milnor, 190

exact, left and right, 24

exactness, 21

exponential law, 7, 84

extension, F-anodyne, 110
extension, inner anodyne, 122
external product, simplicial sets, 140

face, 5

family, R-compatible, 18

family, covering, 15

fibrant model, injective, 81

fibrant, locally, 59

fibration, global, 76

fibration, injective, 76, 79, 156, 158

fibration, injective, bisimplicial presheaves,
134

fibration, injective, bisimplicial sets, 136

fibration, Kan, 10

fibration, local, 59

fibration, local trivial, 59, 70

fibration, replacement, 73

fibration, sectionwise, 12, 59, 81

fibration, simplicial sets, 9

fibration, stable, 162

fibration, strict, spectra, 161

fibration, trivial, 9, 76

frame, 29

function complex, 7, 79, 157

function complex, cubical, 112

function complex, internal, 84

functor, continuous, 27

functor, direct image, 24

functor, internal, 204

functor, inverse image, 24

Gabber rigidity, 44

Index

generating set, 23

group, profinite, 17

group, cohomology, 41, 172
group, sheaf cohomology, 175
groupoid, éech, 60

groupoid, torsors, 196

Hasse-Witt class, 199

Hasse-Witt classes, universal, 192
homotopy category, pointed, 178
homotopy, naive, 110

horn, 5

hypercohomology, 182
hypercover, 59

identites, cosimplicial, 4
interval, 109
isomorphism, Lang, 189
isomorphism, local, 21

Kan complex, 10

Kan fibration, 10

Kan fibration, bisimplicial sets, 142
kernel pair, 22

lattice, 28

lattice, complete, 29

lattice, distributive, 29

local character, 15
localization, Boolean, 31
localization, hammock, 96, 107

map, pointed, 177

model structure, 9

model structure, F-local, 112

model structure, f-local, 121

model structure, cofibrantly generated, 14

model structure, diagonal, 136

model structure, enriched, 85

model structure, injective, 78-80, 156, 158,
213

model structure, intermediate, 129

model structure, local projective, 129

model structure, Moerdijk, 137

model structure, motivic, 121, 127

model structure, pointed, 178

model structure, projective, 12, 128

model structure, projective motivic, 129

model structure, proper, 10

model structure, quasi-category, 122

model structure, simplicial, 10

model structure, slice category, 105

model structure, stable, 162

model structure, strict, spectra, 162



Index

monomorphism, local, 20
morphism, F-injective, 110
morphism, étale, 16
morphism, bonding, 159
morphism, frames, 32
morphism, geometric, 24, 85
morphism, simplicial set, 4
morphism, site, 27, 86
morphism, spectra, 159
morphism, torsors, 204

neighbourhood, étale, 27
nerve, 6

object, F-injective, 110
object, cosimplicial, 4
object, Eilenberg-Mac Lane, 169

point, geometric, 26
point, topos, 26

points, enough, 28
presheaf, 17

presheaf, simplicial, 17
presheaf, bisimplicial, 134
presheaf, separated, 19
pretopology, 15, 18
product, smash, 178
proper, right, 124

quasi-category, 122
quasi-isomorphism, 156

Quillen adjunction, 12

quotient, equivalence relation, 22

realization, 8

relation, equivalence, 22
resolution, Cech, 60
restriction, 84

restriction, presheaf, 53

right lifting property, local, 56

sheaf, 17

sheaf, homology, 41

sheaf, homology, 154

sheaf, homology, of simplicial presheaf, 172
sheaf, homology, reduced, 178

sheaf, simplicial, 18

sieve, covering, 15

simplex, classifying, 5

simplex, standard, 4
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simplicial presheaf, pointed, 177
simplicial set, 4

simplicial set, diagonal, 7, 133
singular functor, 4

site, étale, 16

site, flat, 17

site, big, 17

site, big étale, 88

site, fibred, 89, 173

site, Grothendieck, 15

site, local homeomorphism, 16
site, Nisnevich, 16

site, Zarisky, 16

skeleton, 8

space, classifying, 6

spectral sequence, descent, 183
spectral sequence, hypercohomology, 182
spectral sequence, Kiinneth, 183
spectral sequence, universal coefficients, 174
spectrum, chain complexes, 159
stable, pullback, 22

stack, 213

stack completion, 213

stack, associated, 213

stack, quotient, 213

stalk, 26

theorem, Friedlander-Mislin, 188
topology, chaotic, 17

topology, completely decomposed, 16
topology, Grothendieck, 15
topos, classifying, 24

topos, localic, 31

topos, Grothendieck, 21

torsor, for a group, 195

torsor, for a groupoid, 204
torsor, trivial, 195, 209

total degree, bisimplex, 140
trivialization, of a torsor, 209
truncation, good, 159

Verdier hypercovering theorem, 102

weak equivalence, 9, 50

weak equivalence, combinatorial, 11

weak equivalence, diagonal, 134

weak equivalence, local, 41, 53, 79, 156, 158
weak equivalence, sectionwise, 12, 55, 59
weak equivalence, strict, spectra, 161



